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Abstract: The polarization measurement system deals with polarized light-matter interactions,
and has been a kind of powerful optical metrology applied in wide fields of physics and material.
In this paper, we address several general theoretical aspects related to the system model and
optimization for linear polarization systems from a view of the matrix algebra. Based on these
theories, we propose a new framework of superachromatic polarization modulator (PM) by
combining a linear polarizer and a sequence of parallel linear retarders (LRs) for a typical kind
of linear polarization system based on the rotating compensator (RC) principle. In the proposed
PM, the LRs are made of quarter-wave plates and as a whole act as the RC. Compared with
conventional achromatic/superachromatic composite waveplates, the LR sequence has general
axis orientations and is optimized by the condition number of the instrument matrix of the PM,
which thereby provide much more flexibility to achieve uniform, stable and complete polarization
modulation over ultra-wide spectral range. The intrinsic mechanisms, including the working
principle, optimization strategy and in-situ calibration method of the proposed PM, are presented
and revealed mathematically by the matrix algebra. Results on several prototypes of the PM
demonstrate the validity and capability of the proposed methods for applications in broadband
polarization measurement systems. The fabricated PM is further applied to a home-made dual
RC Mueller matrix ellipsometer, and the accuracy and precision in the full Mueller matrix
measurement are better than 2%₀ and 0.6%₀ respectively over the ultra-wide spectral range of
200∼1000 nm. Compared with existing techniques, the proposed PM has advantages due to
superachromatic performances over ultra-wide spectral ranges, stable and complete modulation
of the polarized light, and convenience for adjustment and calibration.

© 2022 Optica Publishing Group under the terms of the Optica Open Access Publishing Agreement

1. Introduction

A polarization measurement system detects and analyzes the polarized light-matter interactions by
modulating and demodulating the polarization state of the light, which is a kind of powerful optical
metrology with many attractive merits, such as low cost, non-destruction, and high throughput
[1–8]. Polarization systems and devices, such as polarimeters and ellipsometers, have been widely
applied in various fields, including the nanomaterial and nanostructure characterization [9–25],
remote sensing [26–28], astronomical exploration [8,29,30], and biomedical diagnosis [31,32],
etc. Since the additional polarization dimension of light is introduced, these related systems
can acquire much more information than the conventional devices without polarization, which
has been proved to significantly improve the key systematic performances, such as the contrast
and sensitivity [17,28,32], and to provide more knowledge about the samples or objectives,
such as the optical anisotropy [15–19]. Therefore, developing high-precision, broadband and
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complete polarization systems has continuously been a hot research topic for more than one
century [5,33–35].

The polarization modulator (PM) is the key component in a polarization system to modulate
and demodulate the polarization state of the light [1–3,5]. Polarization characteristics, such as
the retardance, diattenuation, rotation angle, and axis azimuth, of the PM determine the final
performance of systems [36–40]. Additionally, the dispersion in these characteristics limits the
applicable spectral range of the polarization system [5]. Generally speaking, any element that can
change the polarization state of light can be used as the PM [41–65], such as the polarizer [41–43],
retarder [44–57], anisotropic mirrors [58,59], etc. Polarization modulation can be achieved
typically through mechanical rotation [41–46], electric-driving modulation [51–57], or spatial
division of amplitude [66–69], etc. However, in the implementation of a polarization system,
the PM design involves several practical considerations, such as the applicable spectral range,
the precision and efficiency, and the completeness of polarization modulation. For example, a
linear polarizer (LP) can generate, modulate, and analyze the linearly polarized light [1]. A linear
retarder (LR), including the waveplate, the liquid crystal retarder, and the photoelastic modulator,
can only change the polarization state of the polarized light by introducing a phase retardation
between the two polarized components, but cannot generate nor analyze the polarized light [1].
Usually, the combination of a LP and a LR is used to achieve complete polarization modulation,
in which, the LP is fixed to generate linear polarized light, and the LR is rotated to compensate
and modulate the polarized light [1–3].

There are several configurations of complete PMs, typically including: (i) one fixed LP+ one
rotating LR (also called rotating compensator, RC) [44–46], (i) one fixed LP+ two liquid variable
retarders [52–54], (ii) one fixed LP+ two photoelastic modulators [57,68], and (iii) spatial
division-of-amplitude four/six channels [66–69], and (iv) one rotating LR+ one division of
focal plane (DoFP) polarization camera [70,71], etc. Among these configurations, the PM
based on liquid variable retarders cannot be used over the ultraviolet (UV) spectral range
because the UV light may damage the liquid crystal molecules [72]. The configuration based
on photoelastic modulators can achieve high-precision complete polarization modulation over
an ultra-wide spectral range from the UV to near infrared region. However, for broadband
applications, the voltage-driven photoelastic modulator will introduce much more complexity
for the system calibration and data processing, which may severely reduce the measurement
accuracy and speed [3,56,57]. The spatial division-of-amplitude multi-channel polarimetry
and ellipsometry simultaneously detect multi-channel signals, which make it faster than the
temporally multi-channel devices. However, in the spatial division-of-amplitude multi-channel
polarimetry and ellipsometry, each channel needs individual polarized elements (including the
polarizers, retarders and splitters, etc.) and specific optical path debugging and alignment, which
make it complex and bloated, and limit the application [66,68]. In comparison, the LP-RC
configuration is the most popular and widely used PM in polarization systems.

The most commonly used RCs include Fresnel prisms and birefringent waveplates. Although
specially designed Fresnel prisms can be applied as superachromatic compensators for broadband
RC-based systems [49,50,73,74], they may introduce severe diattenuation, similar to the dichroism,
especially over the UV range, leading to considerable complexity to the calibration and additional
error sources to the system [74]. The true zero-order waveplate (i.e., a single waveplate) and
biplate (also referred to as the compound zero-order waveplate) as well as their alternatives,
such as the monoplate and Berek plate, are the most widely applied waveplate compensators
[5,7,75]. However, the strong dispersion of birefringent materials extremely limits the applicable
spectral ranges of these non-achromatic waveplates. To broaden the applicable spectral range,
composite waveplates consisting of multiple single waveplates are designed as achromatic or
superachromatic retarders, such as Pancharatnam waveplate [76], Beckers waveplate [77], and
their extensions [47,76–86]. However, these conventional designs fall in the trap to make
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achromatic LRs, and the single waveplates are always arranged in a symmetric architecture or
with their fast axes perpendicular/parallel to each other. For a polarization system, what we
care about is the total effect of the compensator on the immunity of the system to the errors
[39,87], but not whether it is a LR or not. The specific structures of conventional designs not only
significantly sacrifice the optimization freedoms to adapt to the broadband polarization system,
but also make them too complicate to be fabricated. Another limitation in conventional designs
is that the evaluation criterion for achromatism is always the retardance, e.g., quarter-wave
(90°), half-wave (180°), etc., which is not suited to directly and comprehensively evaluate the
performance of the polarization system. Recently, some pioneer works have broken this rigid
design framework and customized superachromatic compensators based on multiple waveplates
for the broadband systems [48,87,88]. While, these published compensators were designed only
for specific systems, such as the Stokes polarimeter [48], the dual rotating-compensator Mueller
matrix ellipsometer (DRC-MME) [87], or the rotating-compensator imaging Stokes polarimeter
[88]. The intrinsic mechanism behind them remains to be explored and generalized to easily
popularize the applications to various broadband polarization systems.

In this paper, we aim to propose a general form to design stable and complete PMs for all
broadband linear polarization systems based on the RC principle. Based on this consideration,
we will firstly address several general theoretical aspects for linear polarization systems using
the matrix algebra in Sec. 2. Based on these theories, then we propose a new framework of a
superachromatic PM by combining a LP and a sequence of parallel LRs to achieve stable and
complete polarization modulation over an ultra-wide spectral range in Sec. 3. The working
principle, optimization strategy, and in-situ calibration method of the proposed PM are presented
for all systems based on the RC principle. Finally, in Sec. 4, prototypes of the proposed PM are
designed and manufactured, and further applied to a DRC-MME to demonstrate the effectiveness
and capability of the proposed theory and method.

2. General theoretical aspects for linear polarization systems

2.1. Mathematical model for linear polarization system

In a linear polarization system, the detected intensity can be expressed as a linear function of the
polarimetric parameters to be determined

i = a0 +

L∑︂
l=1

alζl, (1)

herein, ζ l (l= 1, 2, . . . L) represents the Stokes vector element, Mueller matrix element, or a
polarimetric parameter in any other form (e.g., ellipsometric angles and their derivatives), L is
the total number of polarimetric parameters to be measured, a0 and al are coefficients related
to the configuration of the polarization system, which is determined by the properties of the
polarized components, such as the axis azimuth, retardance, diattenuation, etc.

In practice, to achieve the measurement of multiple polarimetric parameters, temporally or
spatially multi-channel configurations are usually constructed for the polarization system. In
this case, each channel corresponds to a specific configuration, and thus can be mathematically
described by a linear function in form of Eq. (1). Consequently, the system transfer function of a
multi-channel linear polarization system can be written in the following matrix form

I = D(b) · S, (2)

where, I= [i1, i2, . . . ]T is a K×1 intensity flux vector with the k-th element being ik, and K is
the total number of the detected intensities, D is a K×L coefficient matrix, usually called the
instrument or measurement matrix of the polarization system, b represents the set of systematic
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parameters of the polarization system, such as the azimuth, retardance, diattenuation, etc., and
finally S is an L×1 column vector summarizing the polarimetric parameters to be measured.

Equation (2) gives a general mathematic model of a multi-channel linear polarization system,
and provides an intuitive view to understand its working principle. The calibration and
measurement process of the linear polarization system can be respectively described as

D(b) = I · S + , (3)

S = D(b) + · I, (4)
where, the superscript “+” indicates the Moore-Penrose pseudo-inverse of a matrix.

It can be seen that the instrument matrix D(b) plays an extremely important role throughout
the construction of the linear polarization system, including not only the system calibration and
data processing, but also the system optimization and even error analysis and correction. Here,
two indices, namely the rank and the condition number (CN) of the instrument matrix are applied
to respectively evaluate the completeness and stability of the linear polarization system.

The rank of the instrument matrix is defined as

r(D) = rank(D). (5)

When the rank of instrument matrix r just equals to the number (L) of polarimetric parameters in S,
we call it a complete polarization system. If r is larger than L, the polarization system is complete
and overdetermined. Otherwise, if r is less than L, the polarization system is underdetermined
and incomplete. It should be noted that the number of polarimetric parameters in vector S is also
a basis to judge the completeness of the polarization system [89].

The CN of the instrument matrix is defined as

κp(D) = | |D | |p | |D+ | |p, (6)

where, the notation | |·| |p represents the p-norm of a matrix, and p= 1, 2, F, and ∞ respectively
represent the 1-norm, 2-norm, Frobenius-norm, and infinity norm. The CN indicates the
singularity of the instrument matrix, which evaluates the stability, namely the immunity to errors,
of polarization system. The CN of a unit matrix is 1, while that of a singular matrix is ∞.
Therefore, the polarization system becomes stronger when the CN becomes smaller. It should
be noted that other metrics, such as the equally weighted variance (EWV), matrix determinant,
signal-to-noise ratio, etc., can also be utilized to evaluate the singularity of the instrument matrix
[90–94]. These metrics have been proved to be equivalent to each other mathematically [95].

2.2. Equivalence of PSG and PSA

Polarization systems usually contain two basic modules, namely the polarization state generator
(PSG) and the polarization state analyzer (PSA). Figure 1 depicts a general schematic of a
sequence of basic polarized elements with a linear polarizer (LP) in the head/end. When the light
propagates through the sequence from the direction with the LP in the head, it plays as a PSG
in the polarization system. Otherwise, the sequence acts as a PSA when the light propagates
from the opposite direction with the LP in the end. The systematic transfer matrix of the PSG
and PSA can be respectively calculated by multiplying the Mueller matrices of the polarized
elements in sequence from two opposite directions. Based on the optical reversibility theorems
for polarization [96], we have the following equivalence for the PSG and PSA,

MPSG =MM · · ·M2M1MLP, (7)

MPSA =MLP
TM1

TM2
T · · ·MM

T =MPSG
T, (8)

where, Mm and Mm
T (m= 1, 2, . . . M) are the Mueller matrix and its transpose of the m-th

polarized element in the sequence. The Mueller matrix of a polarized element, such as the linear
retarder (LR), the LP, and the rotator can be seen in Refs. [1–3].



Research Article Vol. 30, No. 9 / 25 Apr 2022 / Optics Express 15117

Fig. 1. Schematic of a general PSG/PSA containing a sequence of polarized components at
least with a linear polarizer in the head/end.

Therefore, we have an important conclusion that the systematic transfer matrix of a PSG is the
transpose of that of a PSA with the same configurations. They have the same characteristics,
including the completeness (rank) and stability (singularity), for polarization modulation. Thus,
from the point of matrix optics, we say the PSG and PSA with the same configurations are equal
for the polarization modulation.

2.3. Optimization metric based on condition number

In practice, the polarization measurements invariably have disturbances and noises associated
with the detected intensities I and the instrument matrix D [97]. Meanwhile, the polarization
system can be operated under different configurations, which have different immunity to the
errors. In the design of a polarization system, we should optimize the configurations to make the
system have the strongest immunity. Since it is a common practice to use the CN to assess the
singularity of the instrument matrix, we propose a CN based metric to optimize the polarization
systems in this paper, as given by

bo = arg min
b⊂Λ

{κp[D(b)]}, (9)

where, b is a set of systematic parameters including the azimuths and retardance of the polarized
elements, which determines the systematic configurations, Λ is the domain for these parameters,
and bo stands for the output optimized results for systematic parameters. It can be seen that the
optimization process aims to minimize the CN to search for a set of systematic configurations to
improve the immunity of the system to the errors.

It should be noted that for a simple polarization system, such as a single-wavelength polarimeter
or ellipsometer, we can obtain an ideal configuration by using the proposed optimization metric
given by Eq. (9). However, in practice, for a complex polarization system, such as a spectroscopic
polarimeter or ellipsometer, the system optimization is usually a compromise process. Anyway,
the metric based on the CN given by Eq. (9) provides a basic direction and rule for the optimization
of polarization systems. Based on this metric, we can derivate specific optimization methods for
different systems.

3. Superachromatic polarization modulator

The polarization modulator (PM) is the most important part of a polarization system. The
polarization modulation completeness and stability and the applicable spectral range of the PM
determine key performances of the polarization system. Here, we propose a novel architecture
based on a LP combining with a sequence of parallel LRs, as shown in Fig. 2. The LR sequence
acts as the rotating compensator (RC) as a whole, which is rotated continuously to achieve
complete polarization modulation. Each LR in the sequence is a quarter-wave plate made from
birefringent materials, such as the magnesium fluoride and quartz. Compared with conventional
designs, the single waveplates in the proposed polarization modulator are not limited to specific
structures, and both central wavelengths and axis orientations of the single-waveplates are flexible
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parameters, which can provide approximately twice as many degrees of freedom to accommodate
the optimization of broadband polarization systems. The proposed architecture has capacity
to achieve complete and stable polarization modulation over ultra-wide spectral ranges, and
thus is called the superachromatic PM. Based on the general theoretical aspects addressed in
Sec. 2, the working principle, optimal design, and in-situ calibration method for the proposed
superachromatic PM will be discussed in details in this part.

Fig. 2. Schematic of the proposed polarization modulator based on a linear polarizer and a
sequence of parallel linear retarders.

3.1. Working principle

As shown in Fig. 2, in the framework of the proposed PM, the LP and all the LRs are parallel
arranged in the x-o-y plane. Thus, it can be used as a PSA/PSG when the light propagates
positive/negative direction along the z-axis. Based on the proposed PM, we can develop various
polarization systems, as schematically shown in Fig. 3. These typically include a rotating-
compensator Stokes polarimeter (RCSP), two rotating-compensator ellipsometers (RCE) with
different configurations, and a dual rotating-compensator Mueller matrix ellipsometer (DRC-
MME) [2,3]. Since the proposed PM can achieve complete polarization modulation, the PSG
and PSA based on the proposed PM can generate and analyze polarized light of any polarization
state, respectively. As shown in Fig. 3(a), The RCSP contains only one complete PSA and can be
applied to detect the full Stokes vector of the polarized light. While the DRC-MME contains
both the PSG and the PSA as shown in Fig. 3(d), and therefore can measure the complete 4×4
Mueller matrix of the sample. Different from the DRC-MME and the RCSP, the RCE contains
one complete PSA or PSG and an additional LP as shown in Fig. 3(b) and 3(c), and can measure
only part of the Mueller Matrix (at most a 4×3 or 3×4 block) [2].

Since we have proved that the PSG is equal to the PSA with the same configurations in the view
of polarization matrix optics, for simplicity, here we only take the case of PSA as an example
to present the theoretical derivations of the working principle of the proposed PM. First of all,
we will check the polarization properties of the sequence of parallel LRs, i.e., the RC, whose
Mueller matrix can be calculated by

MRC(λ) =

1∏︂
m=M

MLRm(λ) =
1∏︂

m=M
R(−θRm)M(δRm(λ))R(θRm), (10)

where, MLRm, θRm, and δRm (m= 1, 2, . . . M) are the Mueller matrix, azimuth with respect to
the x-axis, and the linear retardance of the m-th LR in the sequence, respectively. Due to the
dispersion in materials, the linear retardance δRm is usually wavelength-dependet. According to
Jones’ equivalence theorems [98], the above RC can be optically treated as a combination of a
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Fig. 3. Typical polarization systems based on the proposed polarization modulator: (a) a full
Stokes polarimeter; (b) and (c) two configurations of incomplete Mueller matrix ellipsometers
based on single rotating compensator; (d) the complete Mueller matrix ellipsometer based
on dual rotating compensator; (e) the complete imaging Mueller matrix polarimeter based
on the rotating compensator and DoFP polarization camera [71].

LR and an optical rotator (also known as circular retarder). Equation (10) can be rewritten as

MRC(λ) = R(ρe(λ))R(−θe(λ))M(δe(λ))R(θe(λ)), (11)

where, δe, θe and ρe are the equivalent linear retardance, equivalent fast axis azimuth, and
equivalent rotation angle (also known as the circular retardance). These equivalent parameters
are wavelength-dependent, and can be totally determined by the structural parameters of the
sequence of parallel LRs, including the azimuth θRm and retardance δRm. Thus, the system
transfer function of the PSA can be written in the following Stokes-Mueller formulism

Sout =MLPMRCSin = [R(−θP)MPR(θP)][R(ρe)R(−θe)M(δe)R(θe)]Sin, (12)

where, Sin and Sout are the Stokes vectors entering and exiting the PSA respectively, and θP is the
transmission axis azimuth of the LP with respect to the x-axis. Since the compensator is rotated
continuously, we have θe =ωt− θe0, where ω and θe0 are the mechanical angular frequency of the
rotation and the original equivalent fast axis azimuth (i.e., at the time t= 0) of the compensator.

By multiplying the matrices in Eq. (12), the expression for the irradiance at the detector
(proportional to the first element of Sout) can be described as the following Fourier series [42]

I(t) = a0 +

2∑︂
n=1

[α2n cos(2nωt) + β2n sin(2nωt)], (13)

where, a0 and (α2n, β2n) are the d.c. and d.c.-normalized a.c. Fourier coefficients, which are
functions of systematic parameters including θP, δe, ρe and θe0, and n (n= 1, 2) is the order of
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the Fourier coefficient. The Fourier coefficients are linear combinations of the Stokes vector
elements Sj (j= 1, 2, 3, 4) in Sin to be determined. To detect the waveform given in Eq. (13),
one can perform K times integrals of the irradiance over the fundamental optical period of π/ω,
which leads to raw flux data {ik, k= 1, 2, . . . , K} of the form [44]

ik =
∫ kπ

Kω

(k−1)π
Kω

I(t)dt =
πa0
Kω
+

2∑︂
n=1

a0
nω

(︂
sin

nπ
K

)︂ [︃
α2n cos

(2k − 1)nπ
K

+ β2n sin
(2k − 1)nπ

K

]︃
. (14)

From Eqs. (13)-(14), we know that the relation between the Stokes vector elements Sj and the
measured fluxes ik is essentially a linear transformation. Thus, finally the linear equations of
Eq. (14) can be rewritten in the matrix form as given in Eq. (2), with the systematic parameter set
b= [θP, δe, ρe, θe0].

Equations (10)-(14) give the basic working principle for the PSA based on the proposed PM. It
can be easily extended to the PSG as well as other polarization systems shown in Fig. 3 by just
using the equivalence and reversibility theorems given in Sec. 2.2. It should be noted that, if
we want to obtain the full Stokes vector, the integral number should satisfy K ≥ 4. In this case,
with a well-conditioned configuration, the instrument matrix rank of the proposed PM satisfies
r(D) ≥ 4, indicating that it can achieve complete polarization modulation.

3.2. Optimal design method for an ultra-wide spectral range

The framework of the proposed PM can be totally determined by the systematic parameters
b= [θP, δe, ρe, θe0]. It has been proved that the rotation angle is an independent parameter in the
RC-based systems and can be incorporated into the azimuths of the LR and the LP [87], and has
exactly no effect on the performance of the proposed PM. We can check the influences of these
parameters on the polarization modulation performance by calculating the CN of the instrument
matrix versus these systematic parameters. Figures 4 and 5 respectively show the CN curves
versus the retardance δe of the equivalent LR, and versus the azimuths (θP, θe0) of the LP and
the equivalent LR. It can be seen that the retardance has much more significant influence on the
CN than the azimuths, which is highly consistent with the conclusion on a dual rotating-retarder
Mueller matrix system reported in previous work [39]. As shown in Fig. 4, within the range of
0∼360°, the CN curves versus the retardance are symmetric about δe = 180°. The CN curves
show slightly different when using different norms p. The minimum CN and the corresponding
retardance for different norms are comparatively summarized in Table 1. For an example, the
2-norm CN has the minimum value of 1.863 when the ratardance is 128.6° or 231.4°. Compared
to the retardance, the azimuths show ignorable contributions to the CN. In fact, if we use the
2-norm, the axis azimuths have exactly no influences on the CN. As shown in Fig. 5, even if we
use the ∞-norm and 1-norm, the deviations in the CN resulted by the azimuths are less than
3% and 6%, respectively. Therefore, in the optimization of the proposed PM, we can spend our
efforts mainly focusing on the equivalent retardance of the LR sequence. As shown in Fig. 4 and
Table 1, the optimal retardance is about 128°∼133° or 227°∼232°, which agrees well with the
reported optimal values for RC-based polarization systems [73,39,87].

In practice, due to the dispersion in polarization characteristics of the polarized elements, any
PM cannot be always performed with the minimum CN over a wide spectral range. As stated
above, the proposed framework contains a series of LRs made of birefringent quarter-wave plates,
which makes it can be used as a complete PM over a wide spectral range. The retardance of the
birefringent quarter-wave plate is wavelength dependent due to the dispersive birefringence of
the material, and can be calculated by

δRm(λ) =
π

2
λRm

λ

∆n(λ)
∆n(λRm)

(15)
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Fig. 4. Condition number of the instrument matrix of the proposed polarization modulator
versus the retardance of the equivalent linear retarder by using different norms.

Fig. 5. Condition number of the instrument matrix of the proposed polarization modulator
versus the azimuths of the equivalent linear retarder and the linear polarizer: (a) ∞-norm;
(b) 1-norm.

Table 1. Optimal retardance of the rotating compensator
under different metrics

Metrics Minimum value Optimal retardance δe

κ2 1.863 128.6° & 231.4°

κ∞ 4.350 128.0° & 232.0°

κ1 7.549 132.9° & 227.1°

κF 4.589 130.8° & 229.2°

EWV 21.599 130.7° & 229.3°
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where, the subscript m (m= 1, 2, . . . , M) refers to index of the quarter-wave plate in the sequence,
λ and λRm represent the vacuum wavelength and the central wavelength for the m-th zero-order
quarter-wave plate, and ∆n is the birefringence of the material. Thus, all the equivalent parameters
(δe, θe, ρe) of the LR sequence (i.e., the RC) can be totally determined by the structural parameters
including the central wavelengths λRm and the fast axis azimuths θRm of these zero-order quarter-
wave plates. Since the retardances of component LRs in the sequence are dispersive as shown in
Eq. (15), all the equivalent parameters (δe, θe, ρe) are wavelength-dependent. In the design of a
such PM, the structure of the framework should be optimized to make it exhibit with a balanced
and lowest CN spectrum over the applicable spectral range.

It should be noted that the LR sequence in the proposed framework has a more general
structure with the axes of the component LRs arbitrarily arranged, which is different from those
specific structures with axes arranged parallel/perpendicular or symmetrically in conventional
composite LRs [76,77]. Although the general structure introduces the side effect that the RC is no
longer a purely LR but a general elliptical retarder containing both linear retardance and circular
retardance (i.e., rotation angle), it provides about twice degrees of freedom for the optimization
over wide spectral range than the traditional designs with specific structures. In a polarization
system, what we care about is the total effect of the compensator on the CN of the system, but
not whether it is a LR or not. Additionally, we have proved that the rotation angle is not an
independent parameter in the RC-based systems and can be incorporated into the azimuths of the
LR and the LP [87], and has negligible effect on the optimization of the system. Based on these
considerations, we can optimize the performance of the proposed PM over an ultra-wide spectral
range by using the CN metric as described in Sec. 2.3. Here we define a parameter to evaluate
the achromatism of the CN of the PM over a spectral range, as given by

Achκ = max
λ∈Γ

[κ(λ) − κmin], (16)

where, Achκ is named as the achromatism of the CN, the κ(λ) and κmin are respectively the CN
at the working wavelength λ and the minimum value as given in Fig. 4 and Table 1, and Γ is
the domain for the applicable wavelength range of the PM. Compared with the retardance, the
most commonly used evaluation criterion for achromatism, the criterion based on the condition
number is more suitable to evaluate and optimize the overall performance of the polarization
system. The optimization aims to minimize the achromatism of the instrument matrix CN over a
wide spectral range as given by

(λo, θo) = arg min
(λ,θ)⊂Λ

[τ(λ)Achκ], (17)

where, (λ, θ)= {(λRm, θRm); m= 1, 2, . . . , M} are the central wavelengths and the fast axis
azimuths of the component single waveplates, and (λo, θo)= {(λRmo, θRmo); m= 1, 2, . . . , M} are
the optimal values for the central wavelengths and the fast axis azimuths of the single waveplates,
Λ is the domain for the design parameters of the single waveplates, and τ(λ) is a weighting factor,
which is introduced to take into account of the wavelength-dependent signal-to-noise level of the
polarization system. Therefore, we can optimize the structure of the proposed PM according
to the metric given in Eq. (17) to achieve superachromatic and lowest CN over an ultra-wide
spectral range.

3.3. In-situ calibration method

In the proposed PM, the systematic parameters b= [θP, δe, ρe, θe0] can be in-situ calibrated in the
RC-based polarization systems as shown in Fig. 3. It should be noted that the equivalent rotation
angle ρe is not an independent parameter, and it can be incorporated into the axis azimuths θP
and θe0. The relations between the rotation angle and the axis azimuths depend on the specific
configuration of the polarization system. For example, in the RCSP as shown in Fig. 3(a), the
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rotation angle ρe can be totally incorporated into the axis azimuth of the LP θP. When the
original axis azimuth of the polarizer is set as 0, we have the relation θP = ρe.

Generally, the systematic parameters can be calibrated by solving the Fourier coefficient
functions for the RC-based polarimetry system [44,75]. However, the systematic parameters
calibrated by this method may contain a lot of noise and systematic errors. To eliminate the
influences of these errors on the calibration results, here we propose a wavelength-by-wavelength
regression method to calibrate the spectra of the systematic parameters by using a standard sample.
In the calibration, the experimental Fourier coefficients are firstly calculated by measuring the
irradiance integrals with the standard sample according to Eq. (14). Then, the theoretical Fourier
coefficients can be calculated by using the information of the standard sample and the given
systematic parameters according to system model shown in Eqs. (12) and (13). At last, the
theoretical Fourier coefficients are fitted to the experimental ones by minimizing the χ2 error,
which is defined as

χ2 =
∑︂

n

{︄[︃
αe

2n − α
t
2n(b)

σ(α2n)

]︃2

+

[︃
βe

2n − β
t
2n(b)

σ(β2n)

]︃2}︄
, (18)

where, (αe
2n, βe

2n) and (αt
2n, βt

2n) are the experimental and the theoretical Fourier coefficients
respectively, and σ is the standard deviation of the corresponding experimental Fourier coefficient.

As shown in Fig. 6, the fitting procedure is performed by adjusting the systematic parameters
b with an increment µ through an iterative non-linear regression procedure [99]. The regressive
iteration continues until that χ2 is smaller than the given threshold ε. To make the calibration
process more efficient, the initial values of the systematic parameters for the first wavelength are
given by solving the Fourier coefficient functions, and the output calibrated results are set as the
input initial values of the systematic parameters for the next wavelength. In this way, the spectra
of the systematic parameters can be in-situ calibrated wavelength-by-wavelength.

Fig. 6. Flowchart of the in-situ calibration of the polarization modulator by a wavelength-
by-wavelength regression procedure in the RC-polarimetry system.
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4. Results and discussion

In this section, we present the results of the optimal design and in-situ calibration of proposed PM
used for ultra-broadband polarization systems covering the wavelength range 200∼1000 nm. The
optimal design process is performed according to the metric shown in Eq. (17), and the 2-norm is
utilized to calculate the CN. Since the axis azimuths of the polarized components have ignorable
influence on the CN [39], for simplicity, the original orientations of the axes are set parallel to
the reference plane of the system (i.e., PS = 0, θ1 = 0) in the optimization of the proposed PM.
The in-situ calibration procedure is completed on a home-made DRC-MME platform according
to the principles as shown in Fig. 6 and Eq. (18). The number of the irradiance integrals over a
fundamental optical period is chosen as K = 50, which will satisfy the Nyquist sampling theorem
for all the RC-based polarization systems. The birefringence of the materials involved in this
paper can be calculated by Sellmeier’s equations [100,101].

In the first case, we assume that the polarization system has a balanced signal-to-noise level
over the whole spectral range, thus the weighting factor in Eq. (17) is τ(λ) ≡ 1. Quartz is chosen
as the birefringent material, and the optimal design results are shown in Table 2 and Fig. 7. For
convenience, the LR sequence containing M component single waveplates is called M-plate in
this paper. It can be observed from Table 2 that the M-plate compensators have general structures,
and the central wavelengths and the fast axis azimuths of the single waveplates are optimized
values. From Fig. 7, it can be seen the M-plate compensators are elliptical retarders, containing
both the linear retardance and the rotation angle. Although the M-plate compensators exhibit
strong dispersion in the fast axis azimuth and the rotation angle, they have superachromatic
retardance around the optimal value 128.6° over the whole spectral range, providing much flat
CN spectra close to the minimum value of 1.863 shown in Table 1. The achromatism of the
retardance and the CN improves as the number (M) of the single-waveplates increases, and the
achromatic coefficients Achκ of the CN over the entire spectral range are 0.72, 0.14 and 0.09 for
the quartz 3-plate, 4-plate and 5-plate, respectively.

Table 2. Structure parameters for quartz M-plate compensators optimized over spectral range of
200∼1000 nm

M
Central wavelengths (nm) Fast axis azimuths (°)

Achκ
λR1 λR2 λR3 λR4 λR5 θR1 θR2 θR3 θR4 θR5

3 792.5 1014.3 705.1 - - 0 64.8 17.0 - - 0.72

4 1171.3 489.2 504.0 725.5 - 0 77.0 56.0 19.3 - 0.14

5 753.7 270.4 496.1 740.0 1045.3 0 52.2 20.9 90.0 27.3 0.09

It should be noted that in theory, introducing more plates will produce flatter and smaller
condition number spectrum. However, in practice, more plates may significantly increase the
manufacturing difficulty especially in the assembly and axis alignment. In this case, not only
the cost will significantly increase, but also more manufacturing and installation errors will be
introduced to the system. In addition, when the plate number is larger than 4, the performance
improvement by increasing the number of plates is limited. Therefore, the choice of plate number
is a compromise between the performance and cost. Actually, a 4-plate compensator performs
good enough for the RC-based polarization systems covering the UV–VIS-NIR range.

To highlight the advantages of the proposed PM based on the M-plate, Fig. 8 shows the
comparison between CN spectra of the M-plate and typical conventional composite achromatic
waveplates including Beckers waveplate [77], Pancharatnam waveplate [76] and superachromatic
waveplate [79]. These composite waveplates are optimized according to a metric similar to
Eq. (17) but with the constraint of specific structures of the single waveplates by minimizing
the achromatism of the CN over the spectral range of 200∼1000 nm. It can be observed from
Fig. 8 that the quartz 4-plate has the flattest CN spectrum, which is slightly smaller than the
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Fig. 7. Spectra of the systematic parameters and the condition number of the optimally
designed polarization modulator based on a linear polarizer and a sequence of birefringent
waveplates.

that of the superachromatic waveplate, and is much smaller and flatter than those of the others.
However, the proposed 4-plate also has a much simpler structure than the superachromatic
waveplate, since it contains only 4 single waveplates made of the same material, while the
superachromatic waveplate contains 6 single waveplates made of two different materials. The
Pancharatnam superachromatic waveplate is extremely difficult to fabricate and costly, and much
more manufacturing errors especially in the assembly and axis alignment may significantly
reduce the actual performance. These results confirm that the general structure of the proposed
M-plate provides more flexibilities to adapt to the optimization of superachromatic PM over an
ultra-wide spectral range.

In the second case, we take the wavelength-dependent signal-to-noise level of the polarization
system into account in the optimization. In some sense, the CN can be treated as an amplification
factor for the errors in the polarization system. Usually, in the UV wavelength range, the
detector has poor radiation response and the optical elements have low transmittance and large
imperfections, which results in low signal-to-noise level [87]. Thus, the weighting factor τ(λ) is
introduced to balance the wavelength-dependent signal-to-noise level of the polarization system.
Figure 9 presents the results of a quartz 4-plate optimized with empirical weighting factors
τ(λ)= 4 for 200∼350 nm and τ(λ)= 1 for 350∼1000 nm. The central wavelengths and the fast
axis azimuths of the single waveplates in the quartz 4-plate are (1074.7nm, 433.4nm, 494.6nm,
598.2nm) and (0°, 77.2°, 51.1°, 14.1°), respectively. It can be seen from Fig. 9 that the spectra of
the retardance and the CN over the spectral range of 200-350 nm are much closer to the optimal
values than those over the remainder range. The achromatic coefficients Achκ of the CN are 0.07
and 0.28 for 200∼350 nm and 350∼1000 nm, respectively.
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Fig. 8. Comparison between the condition spectra of the polarization modulator based
on the optimally designed quartz 4-plate and typical conventional composite waveplates
including the MgF2-quartz Berkers waveplate, the quartz Pancharatnam waveplate and the
MgF2-quartz superachromatic waveplate.

Fig. 9. Designed and calibrated results of the proposed polarization modulator based
on quartz 4-plate optimized with weighting factors τ = 4 for 200∼350 nm and τ = 1 for
350∼1000 nm. STD represents the standard deviations of the calibrated results under 30
times repeated calibrations.
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In the fabrication of the optimized M-plate, there are two key process steps, i.e., the fabrication
of the zero-order quarter waveplates and the internal axis alignment of the single waveplates
[75,102]. Since the thickness of a true zero-order quartz plate is only tens of microns that is too
thin to be cut and polished, the common practice is to combine two thick plates with their fast
axes aligned perpendicular to each other to make a compound zero-order waveplate. However,
the compound zero-order waveplate will suffer from various artifacts due to the misalignment
between the axes [75,102,103]. To overcome these practical difficulties, the quartz crystal
is cemented on the JGS1 optical glass substrate and then can be polished to true zero-order
waveplates. Then the single waveplates are cemented together with their fast axes aligned at the
optimally designed orientations. All the plates as well as the substrates directly contact each
other without any air gap by using optical cement method, which reduces the interference effects
and improves the transmittance of the polarized light. The M-plate is protected in cylindrical
mount engraved with the fast axis direction of the first single waveplate as the reference of the
global orientation. The M-plate compensator is fabricated by cemented the single waveplates of
the optimized central wavelengths together with the fast axes arranged at the optimal orientations
[87,102–105]. Finally, by combining the M-plate sequence with a LP, such as a Rochon prism,
we can implement the proposed superachromatic PM. The M-plate is as a whole rotated by a
hollow motor and used as the RC in the PM.

Then the polarization characteristic spectra of the PM based on the optimized M-plate
compensator are in-situ calibrated in the RC-based polarization system by the proposed regressive
fitting procedure. In this paper, the calibration process is performed on a home-made DRC-MME
platform at the reflective measurement mode with an incident angle of 60° using a SiO2 film
on Si substrate with a nominal thickness of 100 nm as the standard calibration sample. The
working principles and instrumentation of the home-made MME have been presented in our
previous work [87]. The PM to be calibrated is mounted on the detection arm and used as the
PSA of the MME, and the global orientation of the M-plate and the transmission axis of the LP
(here called the analyzer) are set parallel to the incident plane of the system. Figure 9 shows the
calibration results of the proposed PM based on the quartz 4-plate optimized with weighting
factor, compared with the designed results. It can be seen that the calibrated results agree very
well with the designed results, which demonstrates the effectiveness of the proposed method for
the in-situ calibration of the PM. Differences especially over the UV spectral range are due to
fabrication errors in thicknesses and alignment of single waveplates and the noises and systematic
errors of the MME system. The standard deviations (STD) of these calibrated parameters under
30 times repeated calibrations are also given to fully check the performance, as shown in Fig. 9.
It can be seen that the standard deviations are less than 0.05° for all the three parameters over
almost the whole concerned spectral range, indicating the stable and uniform performances of
the PM.

To further check the performances of the fabricated PM, the rank r and 2-form CN κ2 of
its instrument matrix are calculated by the designed and calibrated parameters, as shown in
Fig. 10. It can be observed that the rank remains a constant 4 over the whole spectral range,
indicating the proposed PM can completely modulate and detect the polarization state described
by the Stokes-Mueller formulism. In addition, the CN keeps an extremely flat curve close to the
minimum value 1.863, which indicates the ultra-stable performance of the proposed PM. These
results again confirm the complete, stable and uniform performances in polarization modulation
of the fabricated PM over an ultra-wide spectral range.

Finally, the performances of a house-made DRC-MME based on the proposed PMs are tested
by measuring the Mueller matrix of the air at the straight-through measurement mode. Since
the ideal Mueller matrix of the air is a unity matrix, it is a common practice to measure the
air to evaluate the performances of an MME. In the experiments, 30 repeated measurements
are performed, and the mean values and standard deviations of the results are calculated to
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Fig. 10. Designed and calibrated rank r and 2-form condition number κ2 of the instrument
matrix of the optimized polarization modulator based on quartz 4-plate.

respectively evaluate the accuracy and precision of the MME. Figure 11 shows the experimental
results, and all the Mueller matrix elements (Mij, i, j= 1, 2, 3, 4) have been normalized by
M11. It can be seen that the biases and standard deviations in all the Mueller matrix elements
from their ideal values are respectively less than 0.002 and 0.0006 over the whole spectral
range of 200∼1000 nm, and additionally they are less than 0.001 and 0.0005 over most of the
concerned spectral range. Therefore, the house-made DRC-MME based on the proposed PMs
exhibits an accuracy better than 2%₀ and a precision better than 0.6%₀ for the complete Mueller
matrix measurement over the ultra-wide wavelength range of 200∼1000 nm, which is the best
case for such a broadband MME to the best of our knowledge. Experimental results tested on
the DRC-MME further demonstrate the effectiveness and advantage of the proposed PMs for
complete, stable and uniform polarization modulation over ultra-wide spectral ranges.

Fig. 11. Mean values and standard deviations of the normalized Mueller matrix of 30
repeated straight-through measurements on the air performed on the house-made DRC-MME
based on the proposed polarization modulators.
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5. Conclusions

In summary, we firstly addressed several general theoretical aspects for linear polarization
measurement systems by using the matrix algebra, including: (1) a general mathematical model
to essentially describe the working mechanism of linear polarization systems; (2) the polarization
equivalence theorem for polarized elements and systems based on the reversibility of matrix
optics; (3) a general optimization metric for linear polarization systems based on the condition
number (CN) of the systematic instrument matrix. Two indices, i.e., the rank and the singularity
of the instrument matrix, are defined to respectively evaluate the completeness and stability of
the polarization modulation for a linear polarization system. It is pointed out that the polarization
state generator (PSG) is mathematically equal to the polarization state analyzer (PSA) with the
same configuration. The optimization of a linear polarization system is revealed as to make the
instrument matrix as far away from singularity as possible to improve the stability of the system.
These theories will provide much convenience and useful guidance for people to well understand,
design, calibrate, and operate a linear polarization system.

Based on these theories, we proposed a new framework of superachromatic polarization
modulator (PM) consisting of a linear polarizer and a linear retarder (LR) sequence to achieve
stable and complete polarization modulation over ultra-wide spectral ranges. Compared to
conventional designs, the LR sequence has a general structure and is not limited to specific
arrangement to form an achromatic LR, which thereby provides much more flexibility to adapt to
broadband polarization modulation. The working principle of the proposed PM is derived based
on the Stokes-Mueller formulism and the Jones’ equivalent theorem. A new metric based on
the CN of the polarization system by considering the wavelength-dependent signal-to-noise is
defined to evaluate the achromatism of the PM, and is further utilized to optimize the PM. A
wavelength-by-wavelength regression method is proposed to fast and in-situ calibrate the PM in a
RC-based polarization system over an ultra-wide spectral range.

Finally, several prototypes of the proposed PM were designed and manufactured over the
spectral range of 200∼1000 nm. Both theoretical and experimental results have demonstrated
the validity and great potential of the proposed theories and methods on the optimal design and
calibration of the PM. The instrument matrix of the optimized PM keeps a constant rank 4 and an
extremely flat condition number close to the minimum 1.863 over the whole concerned spectral
range. The fabricated optimized PM is further applied to a home-made dual rotating compensator
Mueller matrix ellipsometer, and achieve an accuracy better than 2%₀ and a precision better
than 0.6%₀ for the complete Mueller matrix measurement over the ultra-wide spectral range
of 200∼1000 nm. These results strongly indicate the capability of the proposed PM for stable,
uniform and complete polarization modulation over ultra-wide spectral ranges.
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