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Abstract: Computational super-resolution is a novel approach to break the diffraction limit. The
Mueller matrix, which contains full-polarization information about the morphology and structure
of a sample, can add super-resolution information and be a promising way to further enhance the
resolution. Here we proposed a new approach called Mueller-matrix scattered-field microscopy
(MSM) that relies on a computational reconstruction strategy to quantitatively determine the
geometrical parameters of finite deep sub-wavelength nanostructures. The MSM adopts a high
numerical-aperture objective lens to collect a broad range of spatial frequencies of the scattered
field of a sample in terms of Mueller-matrix images. A rigorous forward scattering model is
established for MSM, which takes into account the vectorial nature of the scattered field when
passing through the imaging system and the effect of defocus in the measurement process. The
experimental results performed on a series of isolated Si lines have demonstrated that MSM
can resolve a feature size of λ/16 with a sub-7 nm accuracy. The MSM is fast and has a great
measurement accuracy for nanostructures, which is expected to have a great potential application
for future nanotechnology and nanoelectronics manufacturing.

© 2021 Optical Society of America under the terms of the OSA Open Access Publishing Agreement

1. Introduction

Optical microscopy is convenient and nondestructive for characterizing various samples and has a
wide range of applications. However, its resolution is inherently limited by the well-known Abbe
diffraction limit, i.e., resolution cannot exceed half of the illumination wavelength λ. To break
this limit, several approaches have been proposed over the past decades. The near-field scanning
optical microscopy (NSOM) is a typical near-field super-resolution technique that collects the
evanescent waves by scanning with a sharp tip [1–3]. However, NSOM is normally limited
to surface studies and is also time-consuming to scan large sample areas. As for the far-field
super-resolution, there are two major methods, one of which is the deterministic technique (such
as the stimulated emission depletion microscopy [4]), and the other is the stochastic technique
(such as the photo-activated localization microscopy [5]). And these methods are usually
applicable to biological samples. However, the need of special dyes hinders its applications to
non-fluorescence samples such as nanostructures in semiconductor industry. Other label-free
far-field super-resolution techniques, such as structured-illumination microscopy [6,7], improve
the resolution only up to about a factor of two beyond the diffraction limit. On the other hand,
as the nanotechnology and nanoelectronics manufacturing techniques continue to progress,
sub-wavelength nanostructures are widely used in current semiconductor devices [8,9], solar
cells [10], photonic crystal waveguides [11], metasurfaces [12], etc. Consequently, fast and
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nondestructive characterization of nanostructures, especially those with deep sub-wavelength
size, still remains a challenge for existing testing tools.

Another label-free far-field super-resolution technique that can be termed as computational
super-resolution has been recently developed with a great potential for realizing fast and nonde-
structive characterization of features at deep sub-wavelength scale [13–16]. The computational
super-resolution technique first tries to collect more scattering information from a sample and then
reconstructs the sample profile by fitting the collected data to an established forward scattering
model. Arhab et al. developed a profilometry setup based on the optical diffraction tomography.
They measured the amplitude and phase of the scattered field and took the multiple scattering
into account in the forward model, achieving the characterization of subwavelength features
beyond the diffraction limit [13]. Qin et al. developed a scatterfield microscopy that enables the
measurement of deep sub-wavelength features by acquiring images of sample at different defocus
positions and modeling a broad range of spatial frequencies of scattered field [14]. Chen et al.
proposed an image-inversion approach by combining a full-wave modeling of a confocal laser
scanning microscopy and demonstrated a 35 nm edge-to-edge resolution [15].

It is noted that the reported works about computational super-resolution typically exploits
information about the amplitude, phase, spatial frequency, and different defocus positions
of the scattered field. However, another dimension of the scattered field, the polarization,
can also provide valuable information and may be a promising way to further enhance the
resolution [17–20]. Serrels et al. pointed out by experiments that the resolution of a confocal
microscopy could be improved along a specific direction that depends on the polarization
direction of illumination [17]. Hafi et al. used fluorescent polarization modulation and a sparsity
deconvolution algorithm to achieve a sub-diffraction resolution [18]. Zhanghao et al. developed
a new technique called super-resolution dipole orientation mapping that relies on the fluorescent
dipole orientation information, and it combined polarization modulation to yield super-resolution
[19]. Nevertheless, it is worth pointing out that those works only utilized a single or a specific
polarization state of the illumination or scattered-field. To the best of our knowledge, the
exploration of the Mueller matrix, which contains all information regarding the scatter that one
can extract from a linear polarization scattering, to achieve super-resolution has not been reported
yet.

In this work, by taking advantage of the full-polarization information of the scattered-field,
we propose a new approach called Mueller-matrix scattered-field microscopy (MSM), which is
capable of quantitatively determine the geometrical parameters of finite deep sub-wavelength
nanostructures. The experimental setup of MSM employs a high numerical-aperture (NA)
objective lens to collect a broad range of spatial frequencies of the scattered field in terms
of Mueller-matrix images. A rigorous forward scattering model is established for MSM to
reconstruct nanostructures, which takes account of the vectorial nature of the scattered field when
passing through the imaging system and the effect of defocus in the measurement process. The
experimental results performed on a series of isolated Si lines demonstrate that the proposed
MSM can resolve a feature size of λ/16 with a sub-7 nm accuracy.

2. Experimental setup

Figure 1 presents the schematic of MSM, which consists of an illuminating light path indicated
by the red arrow and an imaging light path indicated by the blue arrow, respectively. For the
illuminating light path, a laser source with a wavelength of 633 nm is employed. The light passes
through a rotating diffuser and is reflected by a rotatable mirror. Then the light passes through
the polarization state generator (PSG) consisting of a polarizer and a phase retarder. Next, after
passing through a non-polarizing beam splitter BS and lens L1, the light is focused on the back
focal plane (BPF) of the objective lens (OB, Zeiss Epiplan-Apochromat 50× with NA of 0.95).
After passing through the OB, a parallel light illuminates the sample with uniform intensity over
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the spot. Moreover, we can rotate the mirror to change the position of the focal point on BPF,
then the incident angle of illuminating light is also changed.

Fig. 1. The schematic of the developed Mueller-matrix scattered-field microscope. D:
diffuser; M: mirror; P: polarizer; R1, R2: phase retarder; BS: beam splitter; OB: objective
lens; A: analyzer; L1∼L3: lenses.

As for the imaging light path, the scattered light from the sample is collected by OB and passes
successively through lens L1 and BS. Then the scattered light passes through the polarization
state analyzer (PSA) consisting of an analyzer and another phase retarder. The OB, L1, L2, and
L3 form two 4-f imaging systems, and finally the sample is imaged onto the camera. Note that,
the phase retarders in PSG and PSA are both kept rotating during the measurement to generate
different combinations of polarization states [21]. As a result, all 16 images of the Mueller-matrix
of the sample can be acquired in a single measurement. For details about calibration of MSM,
please refer to Section 1 of Supplement 1.

To demonstrate the capability of MSM for measuring finite deep subwavelength nanostructures,
a series of isolated Si lines on a Si substrate with different dimensions has been prepared by

Fig. 2. (a) The layout of the isolated Si lines on the Si wafer; (b) The SEM micrograph of
the investigated isolated Si lines; (c) The SEM micrograph of the line with a nominal width
of 60 nm.

https://doi.org/10.6084/m9.figshare.16601921
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e-beam lithography followed by dry etching. As schematically shown in Fig. 2(a), we design
six lines named L1 ∼ L6 with a nominal width increases from 20 nm to 120 nm in a 20 nm
interval and a nominal height of 50 nm. Grating markers are designed on the top of each line
to make it easy to locate those lines. These lines are spaced 200 µm apart to ensure that they
wouldn’t affect each other during the measurement, therefore each line can be seen as an isolated
structures. Figure 2(b) and Fig. 2(c) show the scanning-electron microscopy (SEM) micrograph
of one of the fabricated isolated line samples. Note that the above isolated Si lines represent
an extreme case of the finite deep subwavelength nanostructures. It can be expected that the
proposed approach is also applicable to other finite subwavelength features.

3. Forward model and inverse reconstruction

Figure 3 illustrates the diagram of the forward modeling principle in MSM. Considering that
the vectorial nature of the scatted field is taken into account as well as the high-NA objective
lens employed in MSM, the vectorial diffraction theory is adopted in the forward modeling
[22–24]. As shown in Fig. 3, the forward modeling in MSM consists of four parts: illuminating,
scattering, propagating, focusing. Firstly, for the illuminating and scattering, the Maxwell’s
equation describing the interaction between the incident light and the sample is solved by a
numerical solution method [25]. Then, for the scattered light propagating through the imaging
system, i.e., from the entrance pupil to the exit pupil, only part of scattered light can be collected
and propagate to the image plane. During this process, the orientation of the electric field of the
scattered light will change along with the change of wave vector. Besides, the amplitude of the
electric field will also change due to the amplification effect of the imaging system. The effect of
defocus is also included in the forward model. Detailed derivations of the formula for the electric
field on the entrance and exit pupil are appended in Section 2 of Supplement 1. Finally, for the
focusing on the image plane, we use the Debye-Wolf integral to calculate the images as follows
[22,23]

Eimage(x, y, z) = −
i
λ

∫∫
Ω

Eexit(rx, ry)

rz
eik(rxx+ryy+rzz)drxdry, (1)

where k= 2π/λ is the wave number; λ is the illuminating wavelength; (rx, ry, rz) is the unit wave
vector of the scattered light leaving from the exit pupil; i is the imaginary unit defined as i2=−1;
Eexit(rx, ry) is the electric field vector of the scattered light leaving from the exit pupil with the
unit wave vector (rx, ry, rz); Ω denotes the integration area, i.e., the solid angle limited by the
exit pupil. Subsequently, calculating the electric field distribution on the image plane under the
illuminating light with different polarization states, the Mueller-matrix image is obtained [26].

Fig. 3. The forward modeling principle in MSM.

https://doi.org/10.6084/m9.figshare.16601921
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Based on the established forward model, the reconstruction of a nanostructure is realized by
solving an inverse scattering problem [27,28]. We use ξ to denote a vector consisting of the model
parameters that describe geometrical parameters of the sample or measurement configurations.
The ξ is varied and the corresponding Mueller-matrix image is calculated by the established
forward model, with the objective to find the ξ whose calculated Mueller-matrix image can best
match the measured one. Specifically, the optimal ξ is obtained by minimizing a chi-square value
defined by

χ2 =
1

15K − P

K∑︂
k=1

4∑︂
i,j=1

[︄
mmea

ij,k − mcal
ij,k(ξ)

σ(mij,k)

]︄2

, (2)

where k denotes the kth pixel with the total number of K; i and j denote all the Mueller-matrix
elements except m11 (normalized to m11); mmea

ij,k denotes the measured Mueller-matrix image;
mcal

ij,k(ξ) denotes the Mueller-matrix image calculated by the forward model with the input of ξ ; P
denotes the number of dimension of ξ , and σ(mij,k) denotes the estimated standard deviation of
measured Mueller-matrix images. We use the nonlinear least-squares regression method such
as the Levenberg-Marquardt algorithm [29] to iteratively solve Eq. (2). In addition, the fitting
procedure delivers 95% confidence limits of 1.96×χ×

√
Cii for the fitting parameters, where

√
Cii is the ith diagonal element of the variance-covariance matrix associated with the fitting

parameters.

4. Results and discussion

4.1. Simulation analysis

We first perform a simulation analysis to examine the sensitivity of MSM for the measurement of
finite subwavelength nanostructures. Similar to the isolated structures in Fig. 2, Fig. 4 shows the
cross-section profile of an isolated Si line on the Si substrate examined in simulation, which has
a linewidth W = 100 nm and a line height H = 50 nm. The refractive index of Si refers to [30].
The wavelength is set to be 633 nm. The numerical-aperture (NA) and the magnification factor
of the imaging system are set to 0.95 and 18×, respectively, which are identical to those in MSM.

Fig. 4. The single Si line on the Si substrate structure examined in simulation.

To estimate the sensitivity, we define a RMSE to quantify variation of the Mueller-matrix
images when the width W or the height H of the examined sample is changed, which is given as
follows

RMSE =

⌜⃓⎷
1

15K

K∑︂
k=1

4∑︂
i,j=1

[︂
mij,k − m′

ij,k

]︂2
(3)

where m and m′ represents the Mueller-matrix elements of the original and changed examined
sample, respectively; k represents kth pixel with a total number of K in Mueller-matrix image.
Figure 5(a) shows the RMSE of the W changes by 1 nm, and Fig. 5(b) shows the RMSE of the H
changes by 1 nm at different incident angles. As is known, the variation indicates measurement
sensitivity and a large variation corresponds a high sensitivity. As can be observed, we can derive
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that for both W and H, the sensitivity is high and nearly constant within 0° to about 20°, and
decreases significantly as the incident angle increases above about 20°. This is primarily due to
that as the angle of incidence increases, part of high spatial frequency information of the scattered
field will exceed the collection range of the objective lens. And it causes the sensitivity decrease.

Fig. 5. The sensitivity of Mueller-matrix for examined sample under different incident
angles when (a) the width W changes by 1 nm and (b) the height H changes by 1 nm.

The limit width that can be resolved by MSM under the influence of different noise levels was
further investigated. We added different levels of Gaussian random noise to the Mueller-matrix
images of the examined sample with different widths and used them as the measured signature to
reconstruct W. Figure 6 illustrates the average relative reconstructed error of 50 reconstruction
trials. As for Fig. 6, the horizontal axis indicates line widths, and the vertical axis indicates the
relative reconstructed error. And the curves with different color in Fig. 6 denote the addition
of different levels of noise. As can be observed, the error increases as the noise increases. It is
due to an increase in noise will reduce the signal-to-noise ratio (SNR) of the signatures of the
sample. So the limit size that can be resolved depends on the magnitude of the noise. According
to Eq. (S6) in Supplement 1 of the measured Mueller-matrix of air, the standard deviation σnoise
of measurement noise for MSM can be estimated as 0.01. Consequently, for the curve with

Fig. 6. The relative reconstructed error for different widths under different levels of noise.
The reconstructed parameter is the width W.

https://doi.org/10.6084/m9.figshare.16601921
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σnoise = 0.01, we take 2% relative reconstructed error as an example, one can see that the smallest
size that can be resolved by MSM within 2% relative error is about 34 nm in theory.

4.2. Experimental results

Considering the measurement sensitivity of MSM is high at incident angles of 0° to about 20°
according to Fig. 5, we first measured the Mueller-matrix images of the isolated Si lines sample
at the normal incidence. As an example, Fig. 7 presents the measured Mueller-matrix image of
the isolated Si line with a nominal width of 100 nm. As can be observed, there is an apparent
ridge or valley shape that refers to the position of the isolated Si line in M34 and M43, which
has the highest SNR and contrast ratio between the isolated line and the substrate among all
images. The line shape can also be observed in M33 and M44 but the contrast ratio is relatively
low. And the SNR is relatively low in M12 and M21. Note that, the two 2× 2 off-diagonal blocks
of the Mueller-matrix in Fig. 7 are not exactly equal to zeros due to the residual calibration errors
and contamination such as dust on the sample. For each images of the Mueller matrix in Fig. 7,
we select a rectangle region as indicated by the red dotted box shown in M34, and extract the
average pixel value along the vertical direction of the rectangle. The acquired one-dimensional
Mueller-matrix distribution is then used for subsequent nanostructure reconstruction.

Fig. 7. The measured Mueller-matrix image of the isolated Si line with a nominal width of
100 nm at the normal incidence.

We use a geometric model shown in Fig. 8(a) in the forward model to measure the width W
and the height H of the isolated Si line sample. Note that, as shown in Fig. 8(a), in the inverse
reconstruction fitting process, we set not only W and H, but also the defocus D and the incident
angle α to be floated. The purpose is to eliminate the effects of defocus in the measurement
process and calibration errors in the incident angle to enable a better fitting of the calculated
Mueller-matrix images to the measured data. After solving the inverse fitting according to this
geometric model, the final fitting Mueller-matrix (i.e. the best-fit calculated Mueller-matrix to
the measurement) of the isolated Si line with a nominal width of 100 nm at the normal incidence
is shown in Fig. 8(b). The element m11 in Fig. 8(b) is omitted because it is normalized to one
and is constant in the inverse fitting process. Great agreements between the measured data and
the model for most elements can be observed in Fig. 8(b), especially in M34 and M43. And
M12 and M21 can match the measured signatures although their SNR is lower compared to M34.
Significant differences in measurement data and models can also be see for M24 and M42. The
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measured data of M24 and M42 are supposed to be zeros, and it is primarily due to the noise
of the instrument in the measurement process. We also note that entire two 2× 2 off-diagonal
blocks of the fitting Mueller-matrix are zeros. It is because that the initial geometric model in
Fig. 8(a) is set to be two-dimensional in the forward model and the direction of line extension is
perpendicular to the plane of incidence. As a result, the W reconstructed by MSM is 106.90 ±

10.25 nm (with a 95% confidence interval). For comparison, the W measured by SEM is 100.90
± 2.70 nm (with a 95% confidence interval). The relative error of MSM is 5.94% with respect to
SEM. The fitting results of other isolated Si lines are presented in Figs. S4 ∼ S7 in Supplement 1.

Fig. 8. (a) The geometric model of the investigated isolated Si line sample in the forward
model; (b) The best-fit calculated and measured Mueller matrices of the isolated Si line with
a nominal width of 100 nm at the normal incidence. The SEM- and MSM-measured widths
W are 100.90 ± 2.70 nm and 106.90 ± 10.25 nm, respectively. The relative error is 5.94%.

Table 1 presents the comparison of parameters extracted from MSM and SEM measurements
for different isolated lines. As can be observed from Table 1, compared with SEM measurements,
the absolute error for W measured by MSM is less than about 7 nm for all lines. The corresponding
relative error by MSM is less than 10% for the linewidth above 60 nm. However, the relative error
of MSM is large for the isolated line with a nominal width of 20 nm. Figure S7 in Supplement 1
shows that the SNR of the measured Mueller-matrix image is so low that the calculated Mueller
matrices cannot match well with the measured ones for the isolated line with a nominal width 20
nm. This suggests that the sensitivity limit of MSM is about 40 nm, which is in accordance with
the predicted limit in Fig. 6. It was revealed in Fig. 6 that the smallest size that can be resolved
by MSM is about 34 nm within a 2% relative error. It is also noted from Table 1 that the H
reconstructed by MSM are almost identical for lines with different widths except for 20 nm. All

https://doi.org/10.6084/m9.figshare.16601921
https://doi.org/10.6084/m9.figshare.16601921
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the reconstructed defocus D are less than 3 µm. The reconstructed incident angles α are small
due to the normal incidence.

Table 1. Comparison of parameters of isolated Si lines extracted from MSM and SEM
measurements. The uncertainties appended to MSM- and SEM-measured values all have a 95%
confidence level. The uncertainties associated with the SEM values were estimated in manually

measuring the photographs

W by SEM [nm] 120.70± 2.36 100.90± 2.70 79.28± 2.90 61.26± 2.56 41.44± 1.76 19.82± 1.78

W by MSM [nm] 113.61± 14.38 106.90± 10.25 86.12± 4.29 67.38± 2.66 47.38± 2.77 12.47± 3.90

Relative Error 5.87% 5.94% 8.63% 9.98% 14.34% 37.06%

H by MSM [nm] 40.26± 1.61 38.79± 1.28 38.72± 0.82 40.85± 0.67 38.19± 0.92 35.57± 5.94

D by MSM [µm] -0.88± 0.17 -1.46± 0.18 -0.43± 0.14 -1.01± 0.16 -0.38± 0.21 2.36± 0.72

α by MSM [deg] -0.79± 1.16 -2.18± 0.55 -0.16± 2.80 1.35± 0.85 1.01± 1.57 -1.00± 1.05

Figure 9 presents a linear fit of the MSM-measured linewidths to those measured by SEM. In
Fig. 9, the values on the horizontal and vertical axes of red dots represent the SEM and MSM
measurements, respectively, and the corresponding error bars all have a 95% confidence interval.
As can be observed, the coefficient of determination R2 is 0.976 for the linewidths of 40 ∼ 120
nm, which reveals a great correlation between the MSM- and SEM-measured results. As can
also be seen from both Table 1 and Fig. 9, the uncertainties of W for MSM decrease as the
width decreases, and are less than 3 nm for the linewidth of 40 ∼ 60 nm, which closes to the
uncertainties of SEM.

Fig. 9. The correlation between the MSM- and SEM-measured values of linewidth W. The
associated error bars all correspond to a 95% confidence interval.

We then further examine the performance of MSM at other incident angles and the measurement
results are presented in Section 4 of Supplement 1. Similarly, MSM-measured results shows a
great agreement with those measured by SEM at these incident angles. It is also noted that the
calculated Mueller matrices cannot match well with the measured ones and the corresponding
reconstruction error increase significantly when the incident angle increases above 20°. It is
primarily due to the sensitivity of MSM decreases with the incident angle beyond 20° as revealed
in Fig. 5.

As summarized from the above results, it has been demonstrated that the proposed MSM can
resolve a feature size of λ/16 with a sub-7 nm accuracy. In comparison with the related works on

https://doi.org/10.6084/m9.figshare.16601921


Research Article Vol. 29, No. 20 / 27 Sep 2021 / Optics Express 32167

measurement of finite subwavelength nanostructures, for instance, the scatterfield microscopy
developed in Ref. [14] has demonstrated quantitative width measurement as small as 16 nm in
size, namely λ/30 for 30-line arrays with uncertainties of 1 nm. In addition, Lee et al. proposed
the application of a deformable mirror to through-focus scanning optical microscopy (TSOM),
achieving an accuracy of less than 4 nm for the width of the isolated line sample in the range
of 60 ∼ 120 nm [16]. Although our accuracy and measurement limits are slightly less than
these works, the scatterfield microscopy and TSOM both need scanning along the optical axis to
acquire images at a large number of different focus positions, which would limit the efficiency
and speed of measurement. In contrast, MSM takes less than 5 seconds for a single measurement
and is thus more efficient.

The measurement capability of MSM far beyond the diffraction-limit is primarily attributed to
the large amount of information and high sensitivity of Mueller-matrix image. The Mueller-matrix
image of a sample is acquired by polarization modulation and demodulation, and represents
the change of illuminating polarization state upon different features on the sample. So the
morphological and structural information of the sample is encoded in its Mueller-matrix image.
Besides, the proposed computational reconstruction strategy based on the established rigorous
forward model of MSM fully explores the advantages of Mueller-matrix image. The key to the
great performance of MSM include establishing a rigorous forward scattering model, precise
calibration and measurement by the instruments, and considering multiple factors in solving the
inverse problem.

The advantages of MSM are fast and non-destructive. The MSM is a computation-based
method and need a priori knowledge of the sample. It is suitable for a wide range of finite
nanostructures, such as nanowires in semiconductor devices. Besides, it can be used for process
monitoring during production of the semiconductor industry. The proposed methodology
can be easily extended to other optical imaging techniques to add the measured information,
such as through-focus scanning microscopy [16], by introduction polarization modulation and
demodulation and establishing a forward model of the corresponding optical system.

5. Conclusions

In conclusion, a novel approach that is capable of measuring finite nanostructures at deep sub-
wavelength scale is proposed and demonstrated. The proposed approach relies on a computational
reconstruction strategy and takes advantage of the large amount of information and high sensitivity
of Mueller-matrix image to circumvent the diffraction-limit.

The developed MSM collects most of scattered-field by a high-NA objective lens, and acquires
the Mueller-matrix image of the sample by polarization modulation and demodulation with two
rotating phase retarders. We established a rigorous forward model for MSM that can calculate
the Mueller-matrix image of the sample. The vectorial nature of the scattered field when passing
through the imaging system and the effect of defocus in the measurement process are taken into
account in the forward model. Besides, multiple factors including incident angle and defocus are
considered in the inverse fitting process to enable a better fitting. The practical measurement
capability is demonstrated by the experimental results on a series of isolated Si lines. It shows
that the proposed MSM can resolve a feature size of λ/16 with sub-7 nm accuracy compared
to SEM measurements. We believe that this work paves the way for a powerful and efficient
characterization tool for future nanotechnology and nanoelectronics manufacturing.
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1. Calibration and performance of MSM
In order to obtain accurate Mueller-matrices of a sample, it is necessary to perform calibrations 
for the optical elements in the MSM. The calibration consists of two steps. The first step 
involves the calibration of the polarizing elements and the beam splitter. The second step 
involves the calibration of the polarization aberration of the high-NA objective lens.

Fig. S1. The setup of the first step of calibration for the polarizing elements and beam splitter.

For the first step, as shown in Fig. S1, we remove OB, L1, L2 and L3 from MSM, and use a 
1/4 retarder and a flat mirror as the calibration sample. Note that the Mueller-matrix of the flat 
mirror at normal incidence is always a diagonal matrix with diagonal elements being (1, 1, 1, 
1) [1]. In the calibration, the calibration sample can be rotated from its initial position at equal 
intervals. Assume that the beam splitter BS is isotropic and can be fully characterized by two 
ellipsometric parameters, i.e., the angles of amplitude ratio and phase difference. Hence, the 
calibration parameters includes the transmission-axis orientations P and A of the polarizer P 
and analyzer A, the initial fast-axis orientations C1 and C2 and phase retardances 1 and 2 of 
the two phase retarders R1 and R2, the angles of amplitude ratio Ψbt and Ψbr and phase difference 
bt and br of the beam splitter BS in transmission and reflection, as well as the initial fast-axis 
orientation Cs and phase retardance s of the 1/4 retarder. In the Stokes-Mueller formalism, the 
calibration setup shown in Fig. S1 can be described as

out A R bt bt bt S br br br R 1 in2 1 P2( , ) ( , ) ( )( ) ( , ) ( , ) ( , )s sA CC C P    M M M M M M MS S , (S1)

where Sin and Sout denote the Stoke vectors of the incoming and existing light, MP, MA, MR and 
MS represent the Mueller-matrices of the polarizer, analyzer, phase retarders, and calibration 
sample, respectively, Mbr and Mbt are the Mueller-matrices of the beam splitter in reflection 
and transmission modes, respectively. According to Eq. (S1), the collected intensity 
corresponding to the m-th (m = 1, 2, 3, …) rotation position of the calibration sample can be 
expressed as [2]
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where {I0,m, (𝛼2n,m, β2n,m), n = 1, 2, ..., 16} are the Fourier coefficients of the modulated light 
intensity Iout,m. For brevity, we denote the calibration parameters as a column vector  = [P, A, 



C1, C2, Cs, 1, 2, s, Ψbt, Ψbr, bt, br]T. The Fourier coefficients of the modulated light intensity 
at different rotation positions of the calibration sample compose another column vector F = 
[𝛼2n,m, β2n,m]T. Consequently, the calibration parameters can be acquired by solving the 
following optimization problem

  calc meas

2
arg min F F


 , (S3)

where 
2

  denotes L2-norm, Fcalc and Fmeas correspond to the column vectors that consist of the 
Fourier coefficients calculated according to Eqs. (S1) - (S2) and the Fourier coefficients 
estimated from the actually collected modulated light intensity in experiments, respectively.

Fig. S2. The setup of the second step of the calibration for the high-NA objective lens.

As for the second step, we use a spherical mirror (SM) as the calibration sample. As shown 
in Fig. S2, the center of the SM is placed to coincide with the front focal point of the OB to 
guarantee that the illuminating light is normally incident upon the SM. Besides, the illumination 
direction of the light after the OB can be scanned from 0° to maximum determined by the NA 
of the OB by rotating the mirror, then we can calibrate the polarization effect of OB at different 
illumination directions. Assume that the constituent materials of OB are reciprocal. Ignore the 
polarization effects of lens L1, L2 and L3 due to their low NAs. Hence, for an arbitrary 
illumination direction, the sample Mueller matrix Ms here can be expressed as follows [3]

s OB SM OB M M M M , (S4)
where MSM = diag(1, 1, −1, −1) is the Mueller-matrix of the SM, and MOB denotes the Mueller-
matrix of the OB. Note that Ms is acquired with the parameters calibrated in the first step. Then 
MOB can be obtained by

1/2 1
OB s SM SM( ) M M M M . (S5)

To evaluate the accuracy and performance of MSM after the above two-step calibration, we 
measured the Mueller matrix of air using the calibrated MSM and obtained 

air

1 0.0028 0.0006 0.0040
0.0029 0.9998 0.0017 0.0174
0.0006 0.0017 1.0000 0.0006
0.0039 0.0174 0.0006 0.9998

 
   
 
 
   

M . (S6)

As we know, the ideal Mueller matrix of air is diag(1, 1, 1, 1). As a result, the bias of most 
Mueller matrix elements is less than 0.01 and the largest bias is 0.0174.



2. Forward model
In order to acquire the vectorial electric field and Mueller-matrix distribution on the image 
plane, it is necessary to calculate the electric field distribution on the entrance and exit pupil. 
Let us start with the scattered field E0 = ( 0

sE , 0
pE ) of one of scattered lights with wave vector 

 ˆ , ,x y zq q qq  calculated by RCWA algorithm [4]. In order to simulate finite nanostructures, 
we set the length of the periodic unit to be large enough compared to the wavelength in the 
RCWA algorithm. As Fig. S3 shows, only the scattered lights within the numerical aperture 
(NA) of objective lens can be collected. According to the principles of Fourier optics [5], when 
the sample is located at a distance z from the focal plane of the objective lens, the electric 
field of q̂  on the entrance pupil can be obtained by

ientrance 0zk q ze P   E E , (S7)
where k = 2/ is the wave number;  is the illuminating wavelength; i is the imaginary unit 
defined as i2 = 1. And P in Eq. (S7) is a pupil function defined as follow

 2 2 21,  

0,  else 
x yq q NA

P
   


. (S8)

Fig. S3. The schematic of scattered light passing through the optical imaging system.

As shown in Fig. S3, the angle between q̂  and the optical axis is assumed to be . When 
the scattered light passing through the imaging system, the wave vector q̂  will rotate to r̂ . The 
corresponding angles for r̂  is denoted as . According to Abbe’s theory [6], an aplanatic 
imaging system satisfies the following equations

sinsin nn
M

   , (S9)

where n and n is the refractive index in the object and image side respectively, and M is the 
magnification factor of the imaging system.

It is noted that in Fig. S3, the electric field components of the scattered light will rotate 
along with the wave vector. Besides, the amplitude of the electric field will also change due to 
the amplification effect of the imaging system. The electric field on the exit pupil can be 
obtained according to the law of energy conservation as follows [7] 

exit entrancecos
cos

nM
n
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3. Reconstruction results of different isolated lines
Figures S4 ~ S7 present the best-fit calculated and measured Mueller-matrices of isolated Si 
lines with nominal widths of 80 nm, 60 nm, 40 nm, and 20 nm, respectively, at the normal 
incidence. The uncertainties associated with the MSM- and SEM-measured values all have a 
95% confidence level. We can observe that the match is well for the lines of 40 ~ 80 nm. In 
comparison, the single-to-noise ratio is poor for the line of 20 nm and the corresponding fitting 
error is large.

 
Fig. S4. The best-fit calculated and measured Mueller-matrix of the isolated Si line with a 
nominal width of 80 nm. The SEM- and MSM-measured widths W are 79.28  2.90 nm and 
86.12  4.29 nm, respectively. The relative error is 8.63%.

Fig. S5. The best-fit calculated and measured Mueller-matrix of the isolated Si line with a 
nominal width of 60 nm. The SEM- and MSM-measured widths W are 61.26  2.56 nm and 
67.38  2.66 nm, respectively. The relative error is 9.98%.



Fig. S6. The best-fit calculated and measured Mueller-matrix of the isolated Si line with a 
nominal width of 40 nm. The SEM- and MSM-measured widths W are 41.44  1.76 nm and 
47.38  2.77 nm, respectively. The relative error is 14.34%.

Fig. S7. The best-fit calculated and measured Mueller-matrix of the isolated Si line with a 
nominal width of 20 nm. The SEM- and MSM-measured widths W are 19.82  1.78 nm and 
12.47  3.90 nm, respectively. The relative error is 37.06%.

4. Reconstruction results at different incident angles
Figures S8 – S10 present the reconstruction results of the isolated Si line with a nominal width 
of 100 nm at incident angles of 10, 14 and 20, respectively. Figures S11 – S13 show the 
linear fitting between the MSM and SEM measurements under these different incident angles. 
The uncertainties associated with the MSM- and SEM-measured values all have a 95% 
confidence level.



Fig. S8. The best-fit calculated and measured Mueller-matrix of the isolated Si line at the 
incident angle of 10. The SEM- and MSM-measured widths W are 100.90  2.70 nm and 98.39 
 10.29 nm, respectively. The relative error is 2.49%.

Fig. S9. The best-fit calculated and measured Mueller-matrix of the isolated Si line at the 
incident angle of 14. The SEM- and MSM-measured widths W are 100.90  2.70 nm and 96.65 
 8.85 nm, respectively. The relative error is 4.21%.



Fig. S10. The best-fit calculated and measured Mueller-matrix of the isolated Si line at the 
incident angle of 20. The SEM- and MSM-measured widths W are 100.90  2.70 nm and 104.27 
 18.56 nm, respectively. The relative error is 3.33%.

Fig. S11. The correlation between the MSM- and SEM-measured values of linewidth W at the 
incident angle of 10.



Fig. S12. The correlation between the MSM- and SEM-measured values of linewidth W at the 
incident angle of 14.

Fig. S13. The correlation between the MSM- and SEM-measured values of linewidth W at the 
incident angle of 20.
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