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Abstract
Remote measurement of object orientation is often required in many applications. Out of the six degrees of freedom (DoF) 
that determine object orientation in space, the roll angle is the most difficult to measure using optical methods. In this let-
ter, we propose a remote Stokes roll-angle sensor that measures roll angles from the detected Stokes vectors of modulated 
polarized light retroreflected from a sensing unit comprised simply of a retarder and a planar reflection mirror. Experimental 
results have shown that the proposed sensor can realize absolute roll angle measurement in an unprecedented range of 180° 
with a maximum absolute error of less than 0.25° and a measurement resolution of better than 0.01°. The proposed sensor 
adopts a coaxial design and takes the advantages of compactness, simplicity and low cost, and moreover, can be further 
expanded to a three-DoF angle sensor due to the sensitivity of the sensing unit to other two kinds of angles (pitch and yaw).

Keywords Roll angle · Angle sensor · Polarization modulation · Stokes polarimeter

1 Introduction

Knowledge of orientation of a remote object plays a crucial 
role in many applications ranging from space missions, sci-
entific research to industrial applications, such as autono-
mous docking of two spacecrafts [1], torsion balance for 
laser interferometer gravitation-wave observatory [2], and 
navigation of robots [3]. Six DoF (three positions and three 
angles) are required to completely determine the orientation 
of an object in space. Position and angle measurements can 

be carried out in an incremental manner or in an absolute 
manner. Compared with the incremental approach, absolute 
measurement in a large range is important to improve the 
efficiency and robustness of precision positioning systems, 
since it does not require initialization to obtain the absolute 
orientation at startup and is immune to emergency events 
causing inaccurate accumulation such as unexpected inter-
rupt [4].

Out of the six DoF, the roll angle that describes a rota-
tion around the longitudinal axis has long been deemed to 
be the most difficult to measure. Several techniques have 
been developed for measuring roll angle [5]. Among these 
techniques, a common method to realize remote roll angle 
measurement is to use a retroreflector and analyze phase 
difference [6, 7] or displacement difference [8] between 
the reference and retroreflection beams or intensity ratio 
between p- and s-polarizations of the retroreflection beam 
[9]. Nevertheless, it should be noted that this method is 
primarily suitable for incremental measurement within a 
small range. In comparison, the polarization-based meas-
urement can provide a high sensitivity in a relatively large 
measuring range. Li et al. presented a compact roll-angle 
sensor working in range of 30° with 0.01° resolution by 
using a Faraday rotator to modulate polarization direction 
of the probe light [10]. Gillmer et al. further improved 
the roll-angle sensor in [10] to a 43° working range with 
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0.002° resolution by replacing the Faraday rotator therein 
with an acousto-optic modulator [11]. We recently pre-
sented a roll-angle sensor that could realize absolute 
angle measurement in range of 180° from the detected 
Stokes vector of the modulated polarized light transmit-
ted through a quarter-wave plate acting as the sensing unit 
[12]. However, it is noted that the above polarization-
based roll-angle sensors [10–12] are not well suited for 
remote measurement, since the light emitting and receiv-
ing (detecting) units must be arranged on two sides of the 
sensing unit.

In this paper, we propose a remote Stokes roll-angle 
sensor that can realize absolute angle measurement in a 
range of 180°. Compared with our previous work [12], two 
major contributions have been made in this work. First, the 
system layout of the Stokes roll-angle sensor is improved 
to make it more suitable for remote measurement. In the 
proposed roll-angle sensor, a retarder and a planar reflec-
tion mirror compose the sensing unit, where the retarder 
modulates the roll angular displacement into the change 
of state of polarization (SoP) of the probe polarized light 
and the reflection mirror acts as the retroreflector so that 
the light emitting and receiving units can be arranged on 
the same side. A Stokes polarimeter is employed to detect 
the Stokes vector of the SoP of the modulated polarized 
light retroreflected from the sensing unit. We propose a 
self-calibration method to calibrate system parameters of 
the sensor by fitting measured Stokes elements to the theo-
retically calculated data according to an established model 
of the sensor system based on Stokes–Mueller formalism. 
Second, a least squares regression (LSR) method is pro-
posed to estimate roll angles from the detected Stokes vec-
tors, which is shown to achieve a higher accuracy than the 
calculation method using only one of the Stokes elements 
in [12].

2  Measurement Principle

Figure 1 presents the schematic of the remote Stokes roll-
angle sensor, which consists of two units, namely the emit-
ting/receiving unit and the sensing unit. The emitting/
receiving unit is composed of a polarized light source, a 
non-polarizing beamsplitter (NPBS), and a Stokes pola-
rimeter. The sensing unit, which is composed of a sensing 
retarder (SR) and a planar reflection mirror (RM), is fixed 
with a rotating component under test and is used to modulate 
the SoP of light beam from the incoming linear polariza-
tion to the outcoming elliptical polarization. The outcom-
ing elliptically polarized light finally enters into a Stokes 
polarimeter, which is used to collect the Stokes vector of the 
polarized light. The Stokes vector consists of four elements

which can describe the SoP of any polarized light. Here, Ip 
and Is are light intensities of p- and s-polarizations, respec-
tively (the p–s axes as well as the wave vector constitute a 
right-handed orthogonal coordinate that is conventionally 
used to describe light polarizations); I+45° and I−45° are light 
intensities of + 45° and − 45° linear polarizations, respec-
tively (with respect to p–s axes); IR and IL are light inten-
sities of right- and left-circular polarizations, respectively. 
The measuring roll angle can be finally obtained from the 
measured Stokes elements.

According to the Stokes–Mueller formalism, the Stokes 
vector Sout of the elliptically polarized light entering into 
the Stokes polarimeter can be represented by

where Sin = [1, cos(2α0), sin(2α0),  0]T denotes the Stokes 
vector of the emitting light from the polarized light source 
with α0 being the polarization direction angle; Sout = S0[1, 
s1, s2, s3]T denotes the Stokes vector of the polarized light 
entering into the Stokes polarimeter and s1, s2 and s3 are the 
normalized Stokes elements to the first element S0; MSR(δ, 
β) = R(− β)MSR(δ)R(β) with MSR(δ) and R(β) being

(1)S =
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Fig. 1  (Color online) (Left) Schematic of the remote Stokes roll-
angle sensor, where NPBS, non-polarizing beamsplitter; SR sensing 
retarder; RM reflection mirror. (Right) Two schemes of the Stokes 
polarimeter. a Rotating-retarder polarimeter, where Cr, rotating 
retarder; A, analyzer; D, detector; b four-channel polarimeter, where 
PBS, polarizing beamsplitter; HWP, half-wave plate; QWP, quarter-
wave plate; D1–D4, detectors 1–4
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which represent the Mueller matrix of SR and the Muel-
ler rotation transformation matrix, respectively. Here, δ 
and β are the retardance and fast-axis orientation angle of 
SR, respectively. Note that β can further be represented as 
β = β0 + θ, with β0 and θ being the initial fast-axis orientation 
angle of SR and the measuring roll angle, respectively; MRM 
is the Mueller matrix of RM, which is a diagonal matrix with 
diagonal elements being 1, 1, − 1, and − 1; �r

BS
 and �t

BS
 

represent Mueller matrices of NPBS in the reflection and 
transmission modes, respectively. Although most commer-
cial NPBSs declare to be non-polarizing, it has been found 
that the p- and s-polarizations after the NPBS still have a 
minor shift with each other in both reflection and transmis-
sion modes [13]. The residual polarization effect of NPBS 
should be taken into account for high-accuracy polarization 
measurement. Assume that the beamsplitter coating is only 
comprised of isotropic films, in the most general case, �r∕t

BS
 

are given by

and Nr/t = − cos(2Ψr/t), Cr/t = sin(2Ψr/t)cos(∆r/t), and 
Sr/t = − sin(2Ψr/t)sin(∆r/t), with Ψr/t and ∆r/t denoting the 
amplitude ratio and phase difference between p- and s-polar-
izations after polarized light reflected from or transmitted 
through the NPBS, respectively.

According to Eq. (2), the explicit expression of the nor-
malized Stokes elements s1, s2 and s3 with respect to the 
measuring roll angle θ can be obtained, which for brevity 
are simply expressed as

Assume that we have accurately known the system 
parameters α0, β0, δ as well as Ψr/t and ∆r/t (which need to be 
calibrated, as illustrated before), Eq. (3) only contains one 
unknown parameter, namely the measuring roll angle θ. In 
our previous work [12], θ was obtained from s1 and mean-
while s2 and s3 were used to distinguish the interval of θ. 
In fact, θ can be obtained from any of the three expressions 
associated with s1, s2 and s3, which indicates that Eq. (3) is 
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(3)
[
s1, s2, s3

]T
= F(�).

an over-determined equation with three dependent variables 
and only one independent variable. Instead of acquiring θ 
from only one of the three normalized Stokes elements, we 
propose to obtain θ by solving an LSR problem such that

where 
[
s1, s2, s3

]T
exp

 denotes the measured Stokes elements; 
F

(
�
|||�0, �0, �, �r∕t, �r∕t

)
 is the corresponding calculated 

Stokes elements with any roll angle θ and the known system 
parameters α0, β0, δ as well as Ψr/t and ∆r/t; ‖⋅‖ denotes the 
vector norm; and Θ is the range of θ. Since the fast axis of 
SR after a 180° rotation coincides with that at its initial posi-
tion, all Stokes elements have a period of 180°. Hence, the 
range of θ should be Θ ∈ [0°, 180°). Evidently, here the 
measurement of the roll angle is an absolute measurement 
since have known the initial fast-axis orientation angle β0, 
of SR, which will keep constant after installation. For meas-
uring s1, s2 and s3, there are many types of available Stokes 
polarimeters [14]. The right side of Fig. 1 presents two com-
monly used schemes of the Stokes polarimeters, of which 
Fig. 1a, b correspond to the rotating-retarder polarimeter and 
the four-channel polarimeter, respectively. The rotating-
retarder polarimeter has a simple layout and a compact size. 
In comparison, the Stokes roll-angle sensor based on a four-
channel polarimeter is well suited for high-dynamic metrol-
ogy, since the four Stokes elements are determined simulta-
neously in the four-channel configuration. In addition, 
attention should also be paid to the retardance δ of SR to 
obtain the roll angle. The SR cannot be a half-wave plate 
(i.e., δ = 180°), since it can be demonstrated according to 
Eq. (2) that all Stokes elements will be constant with respect 
to θ when δ = 180°.

3  Experiments

3.1  Experimental Setup

To demonstrate the performance of the proposed method in 
remote absolute roll-angle measurement, we have developed 
a prototype of the remote Stokes roll-angle sensor. As illus-
trated in Fig. 2, the polarized light source was comprised of 
a high-stability light source (EQ-99XFC, Energetiq Technol-
ogy, Inc., USA) (not shown in the figure) and a linear polar-
izer (PGT5012, Union Optics, Inc., China). The light with a 
wavelength of 633 nm (other wavelength could also be cho-
sen) was made to pass successively through the linear polar-
izer (P), the collimating lens (CL), the NPBS (UTB0020-4, 
Union Optics, Inc., China), the SR (a specially designed 
Quartz biplate with a retardance of ~ 138°), and was reflected 
by the RM (BB1-E02, Thorlabs, Inc., USA). The SR was 

(4)�̂� = argmin
𝜃∈𝛩

‖‖‖‖
[
s1, s2, s3

]T
exp

− F

(
𝜃
|||𝛼0, 𝛽0, 𝛿,𝛹r∕t,𝛥r∕t

)‖‖‖‖,
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mounted in a hollow-shaft servo-motor (HO-63-A-44-A-
E-000, Applimotion, Inc., USA) to simulate the rotation of 
the rotating component under test. The reflected light by 
the RM again pass through the SR, the NPBS, and finally 
entered into a home-made Stokes polarimeter developed 
based on a rotating-compensator configuration as shown in 
Fig. 1a (commercial Stokes polarimeters are also available).

It should be pointed out that the above components are 
identified just to specify the experimental setup adequately. 
Such identification is not intended to imply that these com-
ponents are necessarily the best available for the purpose. 
Actually, the experimental setup shown in Fig. 2 was not 
specially designed but was revamped from a previous instru-
ment in our lab [15], which thus makes the presented setup 
of the remote roll-angle sensor seem to be pretty large. By 
replacing current components, especially the employed 
servo-motors, with smaller ones, the size of the experimen-
tal setup can be further reduced. The measurement speed of 
the proposed remote roll-angle sensor depends on that of 
the employed Stokes polarimeter. The measurement time 
for the home-made rotating-compensator Stokes polarim-
eter is about 4 s. High-speed measurement can be achieved 
by using a multi-channel Stokes polarimeter [16], as illus-
trated in Fig. 1b. In addition, due to the limited space in our 
lab, we did not perform roll-angle measurement in remote 
distance. However, it can be noted from the measurement 
principle that the measurement distance is primarily limited 
by the beam divergence. Roll-angle measurement in very 
remote distance can be achieved with a highly collimated 
light beam.

3.2  Sensor Calibration

As described in Eq. (4), to acquire the measuring roll angle 
θ, it is prerequisite to calibrate the system parameters α0, 

β0, δ as well as Ψr/t and ∆r/t. We adopted a self-calibration 
method by fitting the measured Stokes elements to the theo-
retically calculated data according to Eq. (2). To improve 
calibration accuracy, the sensing unit was rotated in a range 
from its initial orientation β0 with a certain and precise 
increment in the calibration process. The measured Stokes 
elements associated with all the rotation orientations of the 
sensing unit as an ensemble were then fitted to the corre-
sponding theoretically calculated Stokes elements. A mean-
squared-error (MSE) function was adopted to estimate the 
fitting error between the measured and calculated Stokes 
elements in the fitting procedure, which is defined as

where M denotes the total number of rotated orientations of 
the sensing unit, K is the number of system parameters need 
to be calibrated (here K = 7), sexp

i,j
 and scalc

i,j
 are the measured 

and calculated Stokes elements, respectively, and �(si,j) are 
the standard deviations of the measured Stokes elements, 
which were estimated to be �(si,j) = 0.001 for the developed 
Stokes polarimeter. The Levenberg–Marquardt algorithm 
[17] was adopted to solve the regression problem described 
above.

Figure 3 presents the fitting result between the measured 
and calculated best-fit Stokes elements at roll angles var-
ied from 0° to 90° with an increment of 15°. Good agree-
ment can be observed from Fig. 3, which yields an MSE 

(5)

MSE =
1√

3M − K

⎧
⎪⎨⎪⎩
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j=1
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i=1

�
s
exp

i,j
− scalc

i,j
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,

Fig. 2  (Color online) Prototype of the developed remote roll-angle 
sensor. P, linear polarizer; CL, collimating lens; NPBS, non-polar-
izing beamsplitter; SR, sensing retarder; RM, reflection mirror; Cr, 
rotating retarder; A, analyzer; D, detector

Fig. 3  (Color online) Fitting result between the measured and calcu-
lated best-fit normalized Stokes elements at different roll angles. The 
discrete data points correspond to the measured data, and the solid 
line corresponds to the calculated best-fit data
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of 6.61. The calibrated system parameters are α0 = 48.63°, 
β0 = 93.42°, δ = 138.00°, Ψr = − 15.34°, ∆r = 20.15°, 
Ψt = 40.49°, and ∆t = − 0.31°, respectively. The retardance 
δ of SR as well as the amplitude ratios Ψr/t and phase dif-
ferences ∆r/t of NPBS in reflection and transmission modes 
were also measured by a Mueller matrix ellipsometer (ME-
L, Wuhan Eoptics Technology Co., China) and were found 
to be δ = 137.91°, Ψr = 38.05°, ∆r = 17.6°, Ψt = 39.9°, and 
∆t = 0.66°, respectively, which agreed well with the above 
calibration values considering practical installation error.

4  Results and Discussion

Figure 4a presents the measured roll angles when the sens-
ing unit rotates over 180° with an increment of 20° accord-
ing to Eq. (4). The linear fitting yields a linear equation of 
y = 0.9997x + 0.0500 and a coefficient of determination of 
R2 = 1.0, which indicate that the measured roll angles show 
a quite good linear relationship with respect to the input val-
ues. It thereby clearly demonstrates the capability of the pro-
posed remote Stokes roll-angle sensor for absolute roll-angle 

measurement in the range of [0°, 180°). The measurement 
errors between the input and measured roll angles are also 
presented in Fig. 4a, which are defined as the absolute dif-
ferences between the input and measured roll angles. The 
associated error bars of the absolute measurement errors 
correspond to the repeated measurement uncertainties with a 
95% confidence level. As can be observed, the measurement 
errors are less than 0.25° over the whole measuring range.

The measurement errors in the measured roll angles are 
primarily attributed to calibration errors of system param-
eters. As described above, the system parameters were 
calibrated by fitting the calculated Stokes elements to the 
measured data. Any errors in the measured Stokes elements 
will finally propagate to the calibrated parameters through 
the fitting procedure. The errors in the measured Fourier 
coefficients are mainly induced by random fluctuations in 
the detected light intensity and imperfect optical compo-
nents (Note that Eqs. (2b) and (2d) just correspond to Muel-
ler matrix models of perfect optical components). Further 
improvement of calibration accuracy is expected to lead 
to further decrease of measurement errors. Figure 4b also 
presents the comparison of absolute measurement errors 
between the input and measured roll angles from one of the 
three normalized Stokes elements as well as by using the 
LSR method as described in Eq. (3). Evidently, the LSR 
method exhibits a better performance than the approach by 
using only one of the three normalized Stokes elements.

The measurement resolution of the developed roll-angle 
sensor was tested by controlling the servo-motor rotated 
with different incremental steps. Considering that different 
input roll angles yield different measurement uncertainties, 
as revealed by Fig. 4a, we test the measurement resolution at 
different starting values. Figure 5a, b present the measured 
roll angles as a function of input roll angles with an incre-
ment of 0.02° starting from 0° and 100°, respectively. Fig-
ure 5c, d further present the testing results with an increment 
of 0.01° starting from 0° and 160°, respectively. The red 
dotted lines in Fig. 5 correspond to the means of 30 repeated 
measurement carried out for each increment of the input 
roll angles. As can be observed from Fig. 5, the difference 
between the means of adjacent incremental steps is different 
from the setting increment. This is primarily attributed to 
the fluctuation of the optical encoder of the employed servo-
motor. The encoder resolution of the servo-motor is 288,000 
counts/revolution. The actual fluctuation of the encoder is 
about ± 2 counts around the setting value, which corresponds 
to an uncertainty of the setting increment of about 0.0025°. 
Even so, as indicated by Fig. 5, the developed sensor can 
clearly distinguish input roll angles with a step of even less 
than 0.01°. It therefore suggests that the measurement reso-
lution of the developed sensor should be better than 0.01°.

The measurement resolution of the developed sensor is 
mainly limited by the measurement precision of the Stokes 

(a)

(b)

Fig. 4  (Color online) a Measured roll angles when the sensing unit 
rotates over 180° with an increment of 20° as well as absolute meas-
urement errors between the input and measured roll angles. The asso-
ciated error bars of the absolute measurement errors correspond to 30 
repeated measurement uncertainties with a 95% confidence level; b 
Comparison of absolute measurement errors between the input and 
the measured roll angles from one of the three normalized Stokes ele-
ments (s1, s2, s3) as well as by using the proposed LSR method



233Nanomanufacturing and Metrology (2020) 3:228–235 

1 3

elements. As shown in Fig. 5a, b, the 30 repeated measure-
ments associated with each increment have a larger uncer-
tainty for the starting value of 100° than that for 0°, which 
is in accordance with the results revealed by Fig. 4a, since 
the uncertainty for the input roll angle of 100° is larger than 
that for 0°. The main contribution to precision of the meas-
ured Stokes elements by the developed polarimeter is the 
shot noise of the incident light due to the relatively high 
output power of the employed light source (~ 100 μW at 
633 nm wavelength) and the relatively low readout noise of 
the employed camera (1.0 e-med.) [18]. To further improve 
precision of the measured Stokes elements and thus meas-
urement resolution of the developed sensor, some techniques 
such as weak-value and weak-value-emulated amplification 
and heterodyne detection [19–22] could be explored as the 
future work.

5  Conclusions

In summary, we have proposed a remote Stokes roll-angle 
sensor that measures roll angles from the detected Stokes 
vectors of the modulated polarized light retroreflected from 
a sensing unit using an LSR method. It was shown that the 
developed sensor could realize absolute roll angle measure-
ment in range of 180° with a measurement resolution of 
better than 0.01° and a maximum absolute error of less than 
0.25°. The proposed sensor adopts a coaxial design and is 
easy to implement and adjust. Moreover, it can be further 
expanded to a three-DoF angle sensor due to the sensitivity 

of the sensing unit to other two kinds of angles. Future work 
will be carried out to further improve performances of the 
proposed remote roll-angle sensor and reduce its size. The 
stability of the sensor calibration and measurement will also 
be examined in the future.
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