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We propose a universal method for optimal design of a wide
field-of-view (FOV) angle linear retarder with an ultra-flat
retardance response based on paired positive/negative bire-
fringent plates. The mechanism and rules for the FOV effect
compensation are revealed to determine the structure of the
proposed retarder by introducing the partial derivative of
refractive index with respect to the incident angle. A con-
crete example based on quartz/sapphire plates is designed
and manufactured as a proof-of-concept of the proposed
method. The maximum deviation in the retardance of
the optimally designed quartz/sapphire wide FOV angle
retarder over the concerned FOV angles (incidence:
−20°–20°; azimuth: 0°–360°) is only 0.08°, which has been
reduced by 3 orders of magnitude compared with the
common quartz retarder. © 2019 Optical Society of America

https://doi.org/10.1364/OL.44.003026

Linear retarders are basic elements to manipulate the polarized
light by introducing a retardance between two polarized com-
ponents in various optical systems, such as polarimetry and el-
lipsometry [1–3], interferometry [4,5], tomography [6], and
microscopy [7,8]. The retardance of the retarder has significant
influences on the final performance of related systems [9]. Any
artifacts in retardance will degrade the precision of these
systems [10–12]. Thus, in implementation of a high-precision
optical system, the design of a stable retarder and accurate
calibration of its retardance are of great importance.

Typical retarders include waveplates, Fresnel prisms, liquid
crystal retarders, etc. A common retarder is usually designed for
normal incidence, and its retardance exhibits a strong depend-
ence on the field-of-view (FOV) angle (i.e., incidence and azi-
muth) of incident light [4,13,14]. Due to non-ideal collimation
or improper installation and alignment in the practical optical
path, the retarder is inevitably under an oblique incidence
[4,9,13]. For example, in a polarimetric diagnosis system for
immersion lithography with NA � 1.35, the incidence can
be as large as �20° [15]. For the wide FOV display systems,
the incidence of light upon the retarder is even larger [16]. In
these cases, the retardance will deviate away from its nominal

value [13,17]. Thus, it is highly desirable to design a wide FOV
angle linear retarder with a flat retardance response.

The most efficient way to obtain a wide FOV angle retarder
is to find a material insensitive to incidence. Unfortunately,
few natural materials can satisfy such a requirement. Although
some emerging specially designed meta-structures can produce
angle-insensitive polarization modulation, most of them are im-
mature and usually used for long wavelengths [18,19]. Another
strategy is to use positive and negative birefringent materials to
compensate the FOV effect [16,20,21]. However, existing
designs are usually obtained through empirical or exhaustive
algorithms. They did not clarify the intrinsic mechanism
and failed to give a general rule for the structure design, which
makes them difficult to be extended to other designs for differ-
ent applications or with more complicated structures.

Here, we start with discussing the FOV effect in birefringent
materials, and the partial derivative of refractive index (RI) with
respect to the incident angle is introduced to describe the
changing rate of retardance within a birefringent plate. The
mechanism and rules of the FOV effect compensation by using
paired positive and negative birefringent plates are revealed.
Finally, a universal and efficient method is proposed for the
optimal design of a wide FOV angle linear retarder based
on pairs of positive and negative plates.

Figure 1(a) shows the of light propagation in a birefringent
plate at an oblique incidence. For convenience, the plate plane
normal is chosen as the z-axis, and the optics axis is assumed to
be parallel to the x-axis. In this case, the ordinary RI (oRI)
remains unchanged, while the extraordinary RI (eRI) changes
with the FOV angle of the incident light [17]

Fig. 1. (a) Light propagation in a birefringent wave at an oblique
incidence; (b) proposed wide FOV retarder.
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n � ne
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� �1∕n2e − 1∕n2o�cos2 φ

q
, (1)

where, ne and n denote the eRIs at normal and oblique inci-
dences, no is the oRI, and φ is the FOV angle. According to
Fig. 1(a), we have cos φ � sin θ · cos α, where θ and α are the
incidence and the azimuth of the incident light, respectively.

The changing eRI will further lead to varying retardance ver-
sus the FOV angle. This phenomenon is known as the FOV
effect of a birefringent waveplate. In general, the birefringence
(i.e., Δn � ne − no) is much smaller than the eigen RIs (i.e., ne
and no). In this case (Δn ≪ ne and no), the changing rate of
retardance versus the incidence can be represented by

δ 0 � ∂δ
∂θ

� 2π

λ

d
cos θe

· n 0 � 2π

λ

nffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2 − sin2 θ

p · d · n 0: (2)

Here, θe and d are the refraction angle of the e-ray and the
plate thickness, respectively, and n 0 is the partial derivative
of the eRI with respect to the incidence, which is defined as

n 0 � ∂n
∂θ

� n2o − n2e
2n2on

cos2 α sin 2θ: (3)

It can be seen from Eqs. (2), (3) that the retardance change for a
positive plate (ne > no) has an opposite direction with that of a
negative plate (ne < no). Thus, combining positive and nega-
tive plates is able to compensate the FOV effect. In this com-
bination, plates that introduce the target retardance are named
as retarding plates, while those used to compensate the retard-
ance deviation are called compensating plates. To completely
compensate the FOV effect, each retarding plate should be
paired with a compensating plate, and the retardance changing
rates should satisfy δ 0c � −δ 0r. Accordingly, we have

d r

d c

� n2or�n2ec − n2oc�
n2oc�n2or − n2er�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2r − sin2 θ

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n2c − sin2 θ

p , (4)

where, the subscripts “r” and “c” represent the retarding plate
and the compensating plate, respectively.

Equation (4) provides a basic and universal metric to design
a wide FOV angle waveplate. When the incident angle is within
a small range, the right part of Eq. (4) approximates to a
constant for a certain wavelength. Table 1 gives the results
for an incidence range of −20°–20° for several typical birefrin-
gent crystals, including quartz, MgF2, and sapphire. RIs of
these materials are from Refs. [22–24].

Inspired by the above theory and analysis, we can design a
wide FOV angle linear retarder by combining paired positive/
negative birefringent plates. Figure 1(b) illustrates the structure
of a typical example, which consists of four single plates. Two
of them are the retarding plates (numbered as 1 and 2),
composing a compound zero-order waveplate with a target
retardance δ0. While the other two (numbered as 3 and 4)
are compensating plates, composing a compound zero-order
waveplate with 0-retardance. Therefore, the thicknesses of these
single plates have the following relations

d 1 − d 2 �
δ0λ

2π�ner − nor�
, d 3 − d 4 �

0λ

2π�nec − noc�
, (5)

where, d i (i � 1, 2, 3, 4) is the thickness of the ith single plate,
ner (nec) and nor (nec) are eRI and oRI for retarding (compen-
sating) plates, respectively, and λ is the wavelength. In addition,
the thicknesses of the plates satisfy Eq. (4), where d r � �d 1 �
d 2�∕2 and d c � �d 3 � d 4�∕2.

Combining Eqs. (4), (5), we can determine an initial struc-
ture for the proposed wide FOV retarder. To further obtain the
optimal design, we can minimize the maximum deviation from
the target retardance over the whole desired FOV

do � arg min
d∈�d0−Δd , d0�Δd �

h
max

θ∈�−θ0, θ0 �, α∈�0, 360°�
�jδ − δ0j�

i
, (6)

herein, d � �d 1, d 2, d 3, d 4� refers to the thickness set for
the single plates, d0 � �d 10, d 20, d 30, d 40� and do �
�d 1o, d 2o, d 3o, d 4o� are initial thicknesses and the optimal thick-
nesses, respectively, Δd is a small value to define the optimi-
zation interval for the thicknesses, θ0 is the maximum incident
angle, δ0 is the target retardance, and δ is the retardance of the
proposed retarder at an arbitrary incidence θ and azimuth α,
which can be strictly calculated by [17]

δ � 2π

λ

X4
i�1

�
�−1�i�1d i
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n2i − sin2 θ

q
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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q ��
,

(7)

where, ni and noi are eRI and oRI of the ith plate at arbitrary
FOV angle, respectively, and ni can be calculated by Eq. (1).

A wide FOV angle quarter-wave retarder at the wavelength
of 633 nm using quartz/sapphire plates is presented as a con-
crete example to verify the proposed methods. The maximum
applicable incidence for the retarder is chosen as θ0 � 20°.
Considering the challenges in processing (especially the thick-
ness control), the sapphire plates (used as the compensating
plates) are first polished with a thickness of about 413 μm
(i.e., d 3 � d 4 � 413 μm). Then, the quartz plates are manu-
factured with proper thicknesses to produce the target retard-
ance and match the sapphire plates simultaneously. The
thicknesses of quartz plates can be initially determined by
Eqs. (4), (5). Further, we use the simulated annealing algorithm
to do the optimization as described in Eq. (6) around the
initial thicknesses with Δd � 10 μm; the final optimal
thicknesses for the quartz plates are d 1 � 288.10 μm and
d 2 � 270.65 μm. The choice of Δd depends on the birefrin-
gence and the maximum applicable incidence. The larger the
birefringence and the incidence are, the larger Δd should be.

The retardance over the whole designed FOV can be evalu-
ated by Eq. (7). Figure 2 shows the retardance of the optimally

Table 1. Results of Eq. (4) for Quartz, MgF2�m�, and
Sapphire(s)

Wavelength (nm) 193 325 532 633 800

d q∕d s 1.598a 1.488 1.477 1.474 1.468
dm∕d s 2.179 2.342 2.399 2.406 2.408

aData are mean results for Eq. (4) in an incidence range of −20°–20°.

Fig. 2. Designed retardance: (a) optimal quartz/sapphire wide FOV
angle retarder; (b) common quartz compound zero-order retarder. The
polar axis and the polar angle denote the incidence (0–20°) and the
azimuth (0–360°) of the light, respectively.
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designed quartz/sapphire retarder and a common quartz
compound zero-order retarder. The thicknesses of the single
waveplates in the common retarder are designed as d 1 �
288.10 μm and d 2 � 270.65 μm. We can see that the
common retarder exhibits large oscillation in retardance versus
the FOV angle, and the oscillation amplitude drastically in-
creases as the incidence increases. The maximum deviation
in retardance of the common quartz retarder from the nominal
value (90°) is larger than 72°. In comparison, the optimal wide
FOV retarder exhibits an extremely flat retardance response
over the whole FOV with a maximum deviation of about
0.08°, which has been reduced by about 3 orders of magnitude.

We have manufactured a quartz/sapphire wide FOV
retarder in our laboratory according to the optimally designed
structure. As stated above, the two compensating sapphire
plates were first obtained through the same polishing process
to ensure that they have equal thickness. After that, the retard-
ing quartz plates were polished according to the optimal thick-
nesses. In order to perform a comparative experiment,
additional copies of the quartz plates were polished in the same
process to make a common compound zero-order retarder.
Finally, all single plates were precisely aligned and cemented
together with the help of a straight-through spectroscopic
Mueller matrix ellipsometer (MME) and a high-precision au-
tomatic rotation stage [12], as shown in Fig. 3. The retarders
were characterized on the same experimental platform based on
MME over the whole designed FOV [25]. Figures 4 and 5
demonstrate the experimental results.

From Fig. 4, we can observe that the retardance distribution
of the common quartz retarder is extremely uneven over the
FOV with a maximum deviation of about 75° from the average
value 90.94°. The waveform and amplitude of the oscillations

highly agree with the theoretical results shown in Fig. 2(b). For
the quartz/sapphire wide FOV angle retarder, although the re-
tardance distribution is not as even as the optimally designed
situation, the maximum deviation from the average value
(90.49°) is about 0.95°, which is still much more stable than
the common retarder. To further highlight the ultra-flat retard-
ance response of our wide FOV angle retarder, a true zero-order
retarder made of polymer (#49-220 from Edmund) with high-
precision retardance over a wide incidence range, is also com-
pared. As shown in Fig. 4(b), the high-precision polymer
retarder has a maximum deviation of over 5.95° from its average
retardance (89.87°) over the whole FOV, which is over 6 times
larger than that of our quartz/sapphire wide FOV retarder. It
should be pointed out that although the proposed quartz/
sapphire retarder has a much flatter retardance response than
the polymer zero-order retarder, its structure is more compli-
cated, which may introduce more manufacturing errors.

To more clearly demonstrate retardance oscillations versus
the incidence and azimuth, results in the polar images shown in
Fig. 4 are replotted in the Cartesian coordinate system, as
shown in Fig. 5. From Fig. 5(a), it can be seen that retardance
exhibits sinusoidal-like oscillation versus the azimuth with a
period of 180°. The peak-to-valley value (PVV) of the oscilla-
tion can be used to evaluate the stability of retardance from
another point of view. The PVV of the wide FOV retarder is
about two orders of magnitude smaller than that of the
common retarder, verifying that the optimally designed wide
FOV retarder has ultra-flat retardance. It is worth mentioning
that the practical quartz/sapphire retarder appears asymmetric
in retardance over the FOV. This weak asymmetry in retard-
ance may be due to uneven sapphire plates, whose thickness
uniformity over its aperture is hard to be guaranteed in the
polishing process.

From Fig. 5(b), it can be observed that the retardance devi-
ates away from the nominal value as incidence increases for both
of the practical retarders. However, deviations in the quartz/
sapphire wide FOV retarder are much smaller than those in
the common quartz retarder. DC deviations of about 0.5°
and 1° from the target value (90°) can be clearly found in
the retardance of the wide FOV retarder and the common
retarder, respectively. The DC deviations may come from errors
in the thickness difference between the retarding plates.
According to Eq. (5), the ideal value is d 1 − d 2 � 17.45 μm,
and the errors are 0.10 μm and 0.19 μm, respectively, for
the wide FOV retarder and common retarder. The practical
quartz/sapphire retarder is undercompensated to the FOV effect

Fig. 3. MME experiment setup and the wide FOV waveplate.

Fig. 4. Experimental retardance: (a) common quartz compound
zero-order retarder; (b) polymer true zero-order retarder from
Edmund; (c) quartz/sapphire wide FOV retarder.

Fig. 5. Experimental retardance of the common quartz retarder (red
solid lines with open marks) and the quartz/sapphire wide FOV
retarder (blue solid lines with solid marks): (a) versus the azimuth
of incident light; (b) versus the incidence of incident light.
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compared with its optimal design, which is due to the thickness
mismatch between the retarding and compensating plates.

To further demonstrate the validity of our method, two
more examples are presented. The first one is anMgF2∕sapphire
compound zero-order quarter-wave retarder at the wavelength
of 633 nm used for an incidence range of −40°–40°. It has a
similar structure with the quartz/sapphire retarder, containing
two MgF2 plates (dm1 � 171.90 μm and dm1 � 158.47 μm)
and two sapphire plates (d s1 � d s2 � 413 μm). The second
one is a quartz/sapphire multi-order quarter-wave retarder at
the wavelength of 633 nm used for an incidence range of
−20°–20°, containing a quartz plate (d q � 436.49 μm) and a
sapphire plate (d s � 642.14 μm). Figures 6 and 7 show the
retardance compared with their common forms. The maxi-
mum deviation in retardance of the MgF2∕sapphire retarder
from its nominal value (90°) is 2.65°, compared with a maxi-
mum deviation of 271.80° in retardance of the common MgF2
compound zero-order retarder. The maximum deviation in re-
tardance of the quartz/sapphire multi-order retarder from the
nominal value (90°) is about 1.23°, compared with a maximum
deviation of 57.08° for the common quartz multi-order retarder.

In summary, we first investigated the mechanism and rules of
the FOV effect of a birefringent plate.We found that the ratio of
retardance changing rates of different crystals approximates to a
constant versus FOV angles. Based on this, we proposed a
strategy to design a wide FOV angle retarder using paired
positive/negative birefringent plates. Thicknesses of all single
plates are determined initially according to the ratio of retard-
ance changing rates of the positive and negative birefringent
plates. The structure of the wide FOV angle retarder is finally
optimized by the simulated annealing algorithm. A wide FOV
retarder based on quartz/sapphire plates is presented to verify
the methods. Results demonstrate that the optimally designed

quartz/sapphire retarder exhibits an ultra-flat retardance re-
sponse over whole FOV with a maximum deviation of about
0.08° in retardance, which is reduced by about 3 orders of mag-
nitude compared with that of the common quartz retarder.

It should be noted that the proposed method is universal
and can be easily extended to design other types of wide
FOV angle retarders. It is especially suitable for small birefrin-
gence within a small incidence range. It still works for giant
birefringence under a large incident angle, but the initial thick-
nesses evaluated by Eq. (4) becomes less reliable with respect to
the final optimal structure. In this case, a larger optimization
interval (i.e., Δd ) for the thicknesses should be used in Eq. (6)
to guarantee to find the optimal design.
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