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1. Introduction

Polarized light micro-imaging that combines optical micros-
copy with polarization modulation techniques plays an impor-
tant role in various research fields, such as optical mineralogy 
[1], optical crystallography [2], biomedicine [3–5], and 
metrology [6–9]. To acquire more details of spatially dis-
tributed information of a sample, a high-numerical-aperture 
(high-NA) objective lens (OL) is often employed for a high 
lateral resolution. On the other hand, by introducing a high-
NA OL, the assumption that the transmitted wavefront has 
uniform amplitude and constant polarization state across the 
exit pupil cannot be valid any more in most polarized light 
micro-imaging systems. It is because a high-NA OL is a 

complicated system with intricate combination of lenses and 
films bringing non-negligible amplitude variations and wave-
front differences between the two polarization components 
[10, 11]. The intrinsic polarization effect of a high-NA OL has 
become one of the most important factors affecting the per-
formance of a polarized light micro-imaging system [12]. The 
calibration of the polarization effect of a high-NA OL is thus 
of great significance for high-precision polarization imaging.

The calibration of polarization effect of a high-NA OL 
involves at least two issues. The first one is the characteriza-
tion of the polarization effect, and the second one is then the 
measurement of the characterized polarization effect. Several 
approaches have been proposed to characterize the polariza-
tion effect of a high-NA OL, such as the Jones matrix, the 
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Pauli spin matrix, and the Mueller matrix [12, 13]. Among 
these approaches, the Mueller matrix representation will be 
adopted in this paper based on the following considerations. 
First, compared with other approaches, the Mueller matrix 
provides much more abundant polarization information, such 
as retardance, diattenuation, and depolarization. Actually, the 
16 elements of a 4  ×  4 Mueller matrix contain all the polari-
zation information that one can extract from a linear polari-
zation scattering process. Second, the Mueller matrix can be 
directly measured by a Mueller matrix polarimeter (MMP) 
[14], which is also known as a Mueller matrix ellipsometer 
(MME) in the characterization of refractive indices and thick-
nesses of thin films and geometrical profiles of nanostructures 
[15].

Most of the references in the literature about the calibration 
of polarization effect of a high-NA OL are found in optical 
lithography for the calibration of the projection lens [16–20]. 
In the calibration of the lithographic projection lens with 
MMP, the MMP measurements are typically carried out in a 
straight-through configuration [19, 20]. In addition to an extra 
collimator lens required in the straight-through configuration, 
the MMP also needs equipping with specially designed pola-
rimeter masks composed of thin-plate polarizers and wide-
view-angle quarter-wave plates, which makes the calibration 
setup complicated. A simpler setup was reported in [21], 
where the MMP measurements were performed in a retro-
reflection configuration by using a spherical mirror (SM) as 
the reference sample. In the calibration, the center of the SM 
was aligned to make it in coincidence with the front focal 
point of the OL under test. In this case, the Mueller matrix of 
the SM is always a diagonal matrix of diag(1, 1, −1, −1). It is 
therefore unnecessary to calibrate the Mueller matrices of the 
SM at different incidence angles, and moreover, the measured 
Mueller matrices are nothing but the Mueller matrices of the 
OL under test in double pass. Nevertheless, it is also noted 
that the reported setup in [21–23] is just for a conoscopic illu-
mination mode where all incident light rays are converged at 
the focal point of the OL.

Inspired by the calibration setup in [21–23], we propose 
a versatile calibration method that can easily realize the cali-
bration of polarization effect of a high-NA OL using MMP 
for not only the conoscopic illumination mode but also the 
orthoscopic illumination mode. In the latter case, the light 
rays are parallelly incident upon the sample and the incidence 
angles are scanned at the back focal plane of the OL. Since the 
Mueller matrix of any sample depends on both the polarization 
property of the sample per se and the illumination condition, 
such as wavelength and incidence angle, the Mueller matrices 
of a high-NA OL in the two illumination modes should be 
carefully calibrated for high-precision measurement. In the 
remainder of the paper, we firstly briefly introduce the basic 
working principle of MMP in section 2.1. Then, the calibra-
tion details in the conoscopic and orthoscopic illumination 
modes are presented in sections 2.2 and 2.3, respectively. In 
section 3, a high-NA OL with a NA of 0.95 is firstly exempli-
fied to demonstrate the capability of the proposed calibration 

method using a house-developed dual rotating-compensator 
MMP, and then, experiments are performed on two standard 
SiO2/Si thin film samples with thicknesses of 25 nm and 
100 nm to verify the calibrated results. The polarization effect 
of a low-NA OL as well as the error induced by misalignment 
of the SM are discussed at the end of section 3. Finally, we 
draw some conclusions and show the outlook of the present 
calibration method in section 4.

2. Principle

2.1. Basic principle of MMP

The MMP is typically composed of a light source, a detector, 
a polarization state generator (PSG), and a polarization state 
analyzer (PSA). The PSG and PSA typically consist of iden-
tical polarization components such as polarizers (or analyzers) 
and compensators (also called retarders) but are arranged in a 
reverse order. The measurement of the sample Mueller matrix 
M involves a series of K (K  ⩾  16) flux measurements made 
by illuminating the sample with different polarization states 
and analyzing polarization states of the existing beam. The 
kth flux Ik measured by the detector is related to the sample 
Mueller matrix M by

Ik = AT
k MSk = (Sk ⊗ Ak)

Tm, 1 � k � K, (1)

where the symbol  ⊗  denotes the Kronecker product, the 
superscript ‘T’ denotes the transpose, Sk = MPSGSin  is the kth 
polarization state produced by the PSG with MPSG being the 
Mueller matrix of the PSG and Sin being the Stokes vector of 
incident light from the light source and Sin ∝ [1, 0, 0, 0]T, 
Ak = MT

PSA[1, 0, 0, 0]T is the kth existing polarization state 
produced by the PSA with MPSA being the Mueller matrix 
of the PSA, and m is the vectorization of the Mueller matrix 
M, i.e. m  =  [M11, M21, M31, M41, M12, M22, …, M34, M44]T. 
Writing equation (1) in a matrix form as

I = Dm, (2)

where I is a K  ×  1 column vector with the kth element being 
Ik, and the instrument matrix D is a K  ×  16 matrix with the 
kth row vector being (Sk ⊗ Ak)

T. The instrument matrix D is 
a function of the instrumental system parameters that needs to 
be calibrated prior to the measurement, such as the transmis-
sion-axis orientation of the polarizer (analyzer) and the ini-
tial fast-axis orientation and phase retardance of the retarder 
(compensator). According to equation (2), the sample Mueller 
matrix can be measured by

m = D+I, (3)

where D+ = (DTD)
−1DT is the Moore–Penrose pseudo-

inverse of D. Equations (1)–(3) present the basic and general 
principle of sample Mueller matrix measurement of any type 
of Mueller matrix polarimeters, such as the Mueller matrix 
polarimeters based on the dual rotating-compensator [24], 
the coupled ferroelectric liquid crystal cells [25], and the four 
photoelastic modulators [26].
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2.2. Calibration in the conoscopic illumination mode

Figure 1(a) presents the calibration setup in the conoscopic 
illumination mode with MMP. Assume that the MMP here has 
been well calibrated. As can be seen from this figure, a colli-
mated light beam passes successively through the PSG, a non-
polarizing beam splitter (BS), and is converged by a high-NA 
OL. A SM is adopted as a reference sample, whose center is 
placed to coincide with the front focal point of the OL. In this 
case, each illuminating light ray is normally incident upon the 
SM and then reflects back along the same path. Afterwards, by 
means of two relay lenses, L1 and L2, each pixel of the detector 
represents a point on the back focal plane of the OL, which 
corresponds to a Mueller matrix in a polar coordinate. Note 
that the diameter of the collimated beam should be larger than 
that of the aperture of the OL so that the polarization effect of 
the whole back focal plane of the OL could be detected. In the 
calibration setup shown in figure  1(a), the finally measured 
Mueller matrix Mm by the MMP should be expressed as the 
product of a series of Mueller matrices as follows

Mm = MBS
t · MOL

Cono · MSM · MOL
Cono · MBS

r , (4)

where MBS
r  and MBS

t  are the reflection and transmission Mueller 
matrices of the BS, respectively, which represent the residual 
polarization effect of the employed BS, MSM is the Mueller 
matrix of the SM and MSM = diag(1, 1, −1, −1), which 
corresponds to the Mueller matrix for reflection at normal 
incidence [27], and MOL

Cono denotes the Mueller matrix of the 
high-NA OL in the conoscopic illumination mode. Note that 
in equation (4) we assume the constituent materials of the OL 
are reciprocal. MBS

r  and MBS
t  can be determined by the MMP 

before inserting the lenses (OL, L1, and L2) into the calibra-
tion setup shown in figure  1(a). We can thereby obtain the 
Mueller matrix MOL

Cono of the OL by

MOL
Cono =

[
(MBS

t )
−1 · Mm · (MBS

r )
−1 · MSM

]1/2
· (MSM)

−1.
 (5)

2.3. Calibration in the orthoscopic illumination mode

Figure 1(b) presents the calibration setup in the orthoscopic illu-
mination mode with MMP. Assume that the MMP here has also 
been well calibrated. Compared with figure 1(a), another lens 
L1 (with a low NA) is introduced into the orthoscopic illumina-
tion mode to make the collimated light beam reflected by the 
BS parallelly illuminate on the SM with a certain illumination 
direction after the OL. Here, the center of the SM is also placed 
to coincide with the front focal point of the OL to guarantee that 
the illuminating light is normally incident upon the SM. Due to 
the small illuminating spot size (~100 µm), the reflection on the 
surface of the SM can be approximated to be a normal plane 
reflection. The Mueller matrices obtained from different pixels 
within the illuminating spot are approximated to be identical. 
In addition, as schematically shown in figure 1(b), the illumina-
tion direction of the light after the OL can be scanned from 0° 
to a maximum determined by the NA of the OL to calibrate the 
polarization effect of the OL at different illumination directions. 
For any illumination direction, the finally measured Mueller 
matrix M′

m by the MMP can be expressed by

M′
m = MBS

t · MOL
Ortho · MSM · MOL

Ortho · MBS
r , (6)

where MBS
r  and MBS

t  are the reflection and transmission Mueller 
matrices of the BS, respectively, MSM  =  diag(1, 1, −1, −1) 
is the Mueller matrix of the SM, and MOL

Ortho denotes the 
Mueller matrix of the high-NA OL in the orthoscopic illu-
mination mode. Note that in equation (6) we also assume the 
constituent materials of the OL are reciprocal. Moreover, the 
polarization effect of L1 is ignored in the analysis due to its 
low NA (The rationality of the ignorable polarization effect 
of a low-NA lens will be discussed in section 3.3). Provided 
that MBS

r  and MBS
t  have been known, we can obtain MOL

Ortho by

MOL
Ortho =

[
(MBS

t )
−1 · M′

m · (MBS
r )

−1 · MSM

]1/2
· (MSM)

−1.
 (7)
As can be observed, the right sides of equations (5) and (7) 
look quite similar apart from the two Mueller matrices Mm 
and M′

m measured in different illumination modes. The 
Mueller matrices Mm and M′

m are generally different, since 
the Mueller matrix of any sample depends on not only the 
polarization property of the sample but also the illumination 
condition. In addition, it should be noted that the above cali-
bration processes in the two illumination modes are both car-
ried out in the global x-y coordinate system. A rotation matrix 
must be applied to the directly obtained Mueller matrices by 
equations  (5)and (7) pixel-by-pixel to rotate them from the 
x-y coordinate system to the traditional p-s coordinate system 
used for the description of polarization by

MOL
Cono (Ortho)( p, s) = R(−ϕ) · MOL

Cono (Ortho)(x, y) · R(ϕ),
 (8)
where R(ϕ) is the Mueller rotation transformation matrix for 
rotation by an angle ϕ. The definitions of the x-y coordinate 
system, the p-s coordinate system, and the angle ϕ are illus-
trated in figure 2. It is also noted from equations (5) and (7) 
that the calibration of the matrices MOL

Cono and MOL
Ortho involves 

Figure 1. Configurations of calibration in (a) the conoscopic 
illumination mode and (b) the orthoscopic illumination mode. The 
inset on the right side of figure (b) presents the scanning on the back 
focal plane (BFP) of the OL to change the illumination directions. 
PSG, polarization state generator; PSA, polarization state analyzer; 
BS, beam splitter; OL, objective lens; SM, spherical mirror; L1–L3, 
lenses; D, detector.

Meas. Sci. Technol. 30 (2019) 025201
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calculating the square root of a matrix, which will deliver sev-
eral solutions in general. To choose the correct solution, we 
assume that the Mueller matrix of the high-NA OL should not 
deviate too much (For example, the Mueller matrix elements 
should not deviate from a positive value to a negative value, 
and vice versa.) from that of a general lens, whose Mueller 
matrix is approximately an identity matrix.

3. Results and discussion

3.1. Calibration results

To demonstrate the capability of the proposed calibration 
method, a well-calibrated dual rotating-compensator MMP 
[15] was adopted to calibrate the polarization effect of a 
strain-free OL with a high NA of 0.95 (Epiplan-Apochromat 
50×/0.95, Carl Zeiss, Inc., German). It is noted from figure 1(b) 
that, in the orthoscopic illumination mode, an oblique beam (a 
maximal angle of inclination of about 7.5°) passes through the 
PSG and PSA of the MMP. To make the calibration credible, 
both the adopted polarizer (analyzer) and waveplates in the 
PSG and PSA have a large working acceptance angle (greater 
than 7.7°) that is enough for accurate measurement. All these 
polarization elements have also been tested by a commercial 
MME (ME-L, Wuhan Eoptics Technology Co., Ltd., China). 
The measurement results revealed that the corre sponding 
Mueller matrices of these polarization elements were almost 
identical within the range of the acceptance angle. As for 
the BS, its reflection and transmission properties were mea-
sured by the commercial MME at different incident angles in 
advance, which were then substituted into equations (5) and 
(7) in the calibration. As an example, figure 3 presents the cal-
ibrated Mueller matrices of the investigated OL. Figures 3(a) 
and (b) present the calibration results in the conoscopic 

illumination mode at the illumination wavelengths of 633 nm 
and 488 nm, respectively. Figures  3(c) and (d) present the 
calibration results in the orthoscopic illumination mode at 
the illumination wavelengths of 633 nm and 488 nm, respec-
tively. In both calibration modes, the maximum illumination 
direction angle was set to be 65° due to the restriction of the 
mechanical structure of the calibration system, although the 
maximum illumination direction could be up to 71.8° for an 
OL of NA  =  0.95 in theory.

It is known that the two 2  ×  2 off-diagonal blocks of 
the Mueller matrix of an isotropic sample vanish while 
other elements can be expressed in terms of conventional 
ellipsometric angles Ψ and Δ, i.e. M12  =  M21  =  −cos2Ψ, 
M34  =  −M43  =  sin2ΨsinΔ, and M33  =  M44  =  sin2ΨcosΔ 
(M11  =  M22  =  1). However, it should be noted that the 
nonzero 2  ×  2 off-diagonal block elements of the calibrated 
Mueller matrices shown in figure 3 do not necessarily indicate 
that the OL under test are anisotropic, but are mainly induced 
by the measurement errors. As can be observed from figure 3, 
the Mueller matrices of the OL, especially their two 2  ×  2 
diagonal block elements, calibrated in both calibration modes 
and at both wavelengths exhibit similar axial symmetry and 
trend. Specifically, in the central part, the elements M33 and 
M44 are extremely close to 1, while the elements M12, M21, 
M34 and M43 are extremely close to 0. With the increase of the 
illumination direction angle, the elements M33 and M44 mono-
tonically deviate from 1 and other elements M12, M21, M34 
and M43 deviate from 0. Largest deviation is reached in the 
maximum illumination direction. It is noted that similar axial 
symmetry and trend in the Mueller matrices of a high-NA OL 
can also be observed from the reported literature [21–23].

Although 16 elements of a 4  ×  4 Mueller matrix contain 
all the polarization information that one can extract from a 
linear polarization scattering process, it is usually difficult to 
directly obtain the polarization properties of a sample from 
the measured Mueller matrices. To this end, various Mueller 
matrix decomposition strategies [28] have been proposed over 
the past years, of which the Lu-Chipman polar decomposi-
tion [29] was adopted to extract the polarization properties 
hidden in the calibrated Mueller matrices shown in figure 3. 
According to the Lu-Chipman polar decomposition, any 
Mueller matrix M can be decomposed into a product of three 
Mueller matrices, that is, M  =  MΔMRMD, where MΔ, MR 
and MD correspond to the Mueller matrices of a depolarizer, 
a retarder and a diattenuator, respectively. The polarization 
properties, such as the retardance R, the diattenuation D, and 
the depolarization power Δ, can be further calculated from 
the decomposed Mueller matrices MR, MD, and MΔ, respec-
tively. Detailed equations to calculate the above polarization 
properties are omitted here for the sake of brevity. One can 
consult [29] for more details. The amplitude-ratio angle Ψ 
between the p- and s-polarizations could then be obtained 
by Ψ  =  [cos−1(D)]/2 (0  ⩽  D  ⩽  1 as defined in [29]). Figure 4 
exemplifies the amplitude-ratio angle Ψ and retardance R of 
the OL under test extracted from the Mueller matrix shown in 
figure 3(a) calibrated in the conoscopic illumination mode at 
the wavelength of 633 nm. Since the extracted depolarization 
index from the calibrated Mueller matrix is rather small (less 

Figure 2. The relation between the global x-y coordinate system 
and the local p-s coordinate system. The inset shows the view 
against the z-direction. Note that here the angle θ is defined as the 
angle between the propagation direction of light beam and the 
optical axis, which is sometimes referred to as the illumination 
direction angle when there is no unique plane of incidence at 
normal incidence.

Meas. Sci. Technol. 30 (2019) 025201
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than 1.8  ×  10−3), it was thereby not presented in figure  4. 
Similar axial symmetry and trend to those shown in figure 3 
can be easily observed from figure  4. The results shown in 
figures 3 and 4 therefore indicate that the polarization effect 
of a high-NA OL is negligible in its central part but should be 
taken into account near its outmost margin.

3.2. Thin film testing

To verify the above calibration results, two standard SiO2/
Si thin film samples with nominal thicknesses of 25 nm and 
100 nm were measured by MMP with the high-NA OL under 
test (namely the calibration setups shown in figure  1 by 
replacing the SM with the thin film samples). Experiments 
were performed at the wavelength of 633 nm and in the range 
of incidence angles from 50° to 63°. The analysis results 
obtained without considering the polarization effect of the 
high-NA OL were compared with those obtained by taking the 
polarization effect of the high-NA OL into account. In addi-
tion, the standard thin film samples were also measured by the 
commercial MME to provide a reference for the comparison.

Figures 5(a) and (b) present the comparison of Mueller 
matrices of the SiO2/Si thin film samples measured by the 
commercial MME, the MMP with high-NA OL using the 
calibration results given in figure 3, and the MMP with high-
NA OL without considering the polarization effect of the 
OL, respectively. Since the results measured by the above 

Figure 3. Calibrated Mueller matrices (normalized to M11, which is not shown) of a high-NA OL (NA  =  0.95). Measurement 
configurations were set as: (a) in the conoscopic illumination mode at the wavelength of 633 nm; (b) in the conoscopic illumination mode at 
the wavelength of 488 nm; (c) in the orthoscopic illumination mode at the wavelength of 633 nm; (d) in the orthoscopic illumination mode 
at the wavelength of 488 nm. The insets in (a) and (b) show the correspondence between the illumination direction and the radius of each 
circular panel, as schematically shown in figure 2.

Figure 4. (a) The amplitude-ratio angle Ψ between the p- and 
s- polarizations and (b) the retardance R of the high-NA OL 
(NA  =  0.95) extracted from the Mueller matrix shown in figure 3(a) 
calibrated in the conoscopic illumination mode at the wavelength of 
633 nm. The units of the two legend bars are in degree.

Meas. Sci. Technol. 30 (2019) 025201
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different approaches are too close to each other, the differ-
ence with respect to the MME-measured results is presented in  
figures 5(c) and (d) to reveal the discrepancy between the results 
measured by MMP with high-NA OL before and after calibra-
tion of the polarization effect of the OL. As can be observed 
from figures  5(c) and (d), the discrepancy induced by the 
polarization effect of the OL is ignorable in smaller incidence 
angles (less than 60°); however, the discrepancy becomes more 
and more striking in larger incidence angles (larger than 60°, 
closer to the outmost margin of the OL), which is in accord-
ance with the previous prediction drawn from figures  3 and 
4. More importantly, after calibration, the Mueller matrices 
measured by MMP with high-NA OL are in good accord-
ance with those measured by MME. Table 1 further presents 

the discrepancy between the extracted film thicknesses from 
the Mueller matrices measured by MMP with high-NA OL 
before and after calibration the polarization effect of the OL. 
Although the discrepancy is not very large, as confirmed by 
the measurement results by the commercial MME, the results 
shown in figure 5 and table 1 definitely verify the necessity in 
calibration of the polarization effect of high-NA OL as well as 
the feasibility of the proposed calibration method.

It is revealed from figure 5 that the Mueller matrix MOL
Ortho 

calibrated in the orthoscopic illumination mode does not show 
a noticeable difference to that MOL

Cono calibrated in the cono-
scopic illumination mode, although MOL

Cono and MOL
Ortho should 

be different according to equations  (5) and (7). The main 
reason may be the finite spot size of light beam incident upon 

Figure 5. Comparison of the measured Mueller matrices (normalized to M11) of the (a) 25 nm and (b) 110 nm SiO2/Si thin film samples 
at the wavelength of 633 nm. The blue solid line, the red circle, the green triangle, and the black dot correspond to the results measured 
by the commercial MME, the MMP with high-NA OL using the calibration result in the conoscopic illumination mode, the MMP with 
high-NA OL using the calibration result in the orthoscopic illumination mode, and the MMP with high-NA OL without considering the 
polarization effect of the OL, respectively. Difference between the Mueller matrices measured by the MMP with high-NA OL and those by 
the commercial MME for the (c) 25 nm thin film sample and (d) 110 nm thin film sample. The red, green, and black solid lines correspond 
to the results measured by MMP with high-NA OL using the calibration result in the conoscopic illumination mode, using the calibration 
result in the orthoscopic illumination mode, and without considering the polarization effect of the OL, respectively.

Meas. Sci. Technol. 30 (2019) 025201
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the BFP of the OL and the surface of the SM in the ortho-
scopic illumination mode. It is hard for us to estimate the spot 
size on the BFP of the OL, while the spot size on the surface 
of the SM is about 100 µm, which leads to the reflected beam 
spreading out as it propagates back to the OL. In addition, as 
can be observed from the 2  ×  2 off-diagonal block elements 
of the calibrated Mueller matrices in figures 3(a) and (b), the 
measurement errors of the instrument may hide the difference 
between MOL

Cono and MOL
Ortho.

3.3. Discussion

3.3.1. Polarization effect of a low-NA OL. It is known from 
sections 3.1 and 3.2 that the polarization effect of a high-NA 
OL cannot be ignored. We want to further examine the polar-
ization effect of a low-NA OL, since we have assumed in sec-
tion  2.3 that the polarization effect of the low-NA lens, L1 
in figure 1(b), is ignored in analysis. A strain-free OL with 
a low NA of 0.55 (M Plan Apo 50×/0.55, Mitutoyo, Inc., 
Japan) was measured in the conoscopic calibration mode at 
the wavelength of 633 nm. Figure  6 presents the calibrated 
Mueller matrix as well as the decomposed diattenuation and 
retardance of the low-NA OL under test. As can be observed 
from figure 6, the Mueller matrix of the OL approaches to a 
unit matrix while the associated diattenuation and retardance 
approach to 45° and 0°, respectively, over the whole focal 
plane of the OL (small deviation is induced by measurement 

errors). Clearly, the polarization effect of a low-NA OL can be 
ignored in practice.

3.3.2. Error analysis due to misalignment of the spherical 
mirror. The basic idea in the proposed calibration method is 
to use the special form of the Mueller matrix of a sample at 
normal reflection, namely diag(1, 1, −1, −1). A key in the 
implementation of the calibration method is therefore to accu-
rately align the center of the spherical mirror, SM, to make it 
in coincidence with the front focal point of the OL under test 
to guarantee that the illuminating light is normally incident 
upon the SM. A misalignment of the SM will lead the Mueller 
matrix of the SM deviate from the ideal diagonal matrix to the 
general form corresponding to an isotropic sample. Take the 
conoscopic calibration mode as an example, equation (4) in 
this case should be rewritten as

Mm = MBS
t · MOL′

Cono2 · (MSM +∆MSM) · MOL′

Cono1 · MBS
r ,

 (9)
where MSM = diag(1, 1, −1, −1) and ∆MSM represents the 
deviation error resulted in misalignment of the SM. Since the 
incident and reflected light may pass through different loca-
tions of the back focal plane of the OL at oblique incidence, 
the Mueller matrix of the OL in the incident and reflected 
paths is generally denoted as MOL′

Cono1 and MOL′

Cono2 in equa-
tion (9), respectively.

Simulation was performed in the conoscopic calibration 
mode to evaluate the error in the calibrated Mueller matrix of 

Table 1. Comparison of measured film thicknesses of the standard SiO2/Si thin film samples.

Sample Without calibration (nm)
Calibration in conoscopic 
illumination mode (nm)

Calibration in orthoscopic 
illumination mode (nm)

Commercial 
MME (nm)

25 nm 24.5 24.1 24.1 23.4
110 nm 114.1 113.2 113.2 112.1

Figure 6. (a) Calibrated Mueller matrix (normalized to M11) of a low-NA OL (NA  =  0.55) in the conoscopic illumination mode at the 
wavelength of 633 nm; the (b) diattenuation and (c) retardance of the low-NA OL extracted from the calibrated Mueller matrix. The units of 
the legend bars of (b) and (c) are in degree.
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the OL due to misalignment of the SM. In the simulation, we 
first synthesized the Mueller matrix of a high-NA OL, MOL

Cono, 
using the calibrated data given in figure 4. We then calculated 
∆MSM at different misalignments of the center of the SM with 
respect to the front focal point of the OL. In the calculation, 
the SM was modeled as a SiO2 film layer on an Ag film layer 
deposited on a fused Si substrate. The thickness of the SiO2 
film was 1 µm and the Ag film layer was thick enough to pre-
vent light penetrating through it. Due to the rotational sym-
metry of the OL, it was enough to calculate ∆MSM along any 

axial direction. The MOL′

Cono1and MOL′

Cono2 in equation  (9) were 
obtained by interpolating the synthesized Mueller matrix 
MOL

Cono according to the specific oblique angle estimated by 
the corresponding misalignment. With the calculated ∆MSM 

as well as MOL′

Cono1and MOL′

Cono2, we could simulate the measured 
Mueller matrix Mm by equation(9). Finally, we calculated the 

Mueller matrix of the OL, MOL′

Cono, by equation  (5) and esti-
mated the error ∆MOL

Cono = MOL
Cono − MOL′

Cono, which would be 
error in the calibrated Mueller matrix of OL induced by mis-
alignment of the SM.

Figure 7 presents the estimated error ∆MOL
Cono in the cali-

brated Mueller matrix of the high-NA OL at different offsets 
of the SM and different illumination directions. The blank part 

shown at the bottom-right side of each panel corresponds to 
the situation where the reflected light by the SM could not be 
collected by the OL any more when the offset is greater than 
3.5 mm. As can be observed from figure 7, the 2  ×  2 off-diag-
onal block elements are always rather small, since the misalign-
ment of the SM leads the Mueller matrix of the SM to be the 
general form corresponding to an isotropic sample, which pri-
marily affects the 2  ×  2 diagonal block elements (except M22). 
As expected, the errors in the 2  ×  2 diagonal block elements 
become more noticeable at larger offsets and larger illumina-
tion direction angles. Moreover, at large illumination direction 
angles (larger than 63°), even a minor offset of 0.5 mm will lead 
to a large error of about 0.2 in the elements M34 and M43. It 
therefore suggests that the offset between the center of the SM 
and the front focal point of the OL should be less than 0.5 mm 
in the calibration of the OL. The alignment error can be mini-
mized using an interferometric technique as reported in [23].

4. Conclusions

A calibration method about the polarization effect of an OL 
using MMP has been proposed in this work. Two calibration 
setups have been presented in detail to show the calibration 

Figure 7. Estimated error ∆MOL
Cono in the calibrated Mueller matrix of the high-NA OL (NA  =  0.95) induced by misalignment of the SM. 

The abscissa axis represents the offset (0–7 mm) between the center of the SM and the front focal point of the OL, and the ordinate axis 
represents the illumination direction (0–67°) as shown in the inset.
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in the conoscopic and orthoscopic illumination modes, respec-
tively. Two OLs, one with NA  =  0.95 and another with 
NA  =  0.55, were exemplified to demonstrate the capability of 
the proposed calibration method using a house-developed dual 
rotating-compensator MMP. The experimental results have 
revealed that the polarization effects of the high-NA OL near its 
central part and the low-NA OL were ignorable; however, the 
polarization effect of the high-NA OL near its outmost margin 
should be taken into account in practice. The error induced by 
the misalignment of a key component, the spherical mirror, 
in the proposed calibration method was finally discussed. 
Compared with the existing calibration methods, the proposed 
method is much simpler and more efficient for implementa-
tion, and more importantly, the calibrated data, 16 elements of 
a 4  ×  4 Mueller matrix, contains all the polarization informa-
tion that one can extract from a linear polarization scattering 
process. It is therefore expected that the proposed calibration 
method could provide a more complete polarization character-
ization of the high-NA OL and would gain wider applications 
in calibrating the polarization effect of the high-NA OL.
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