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Abstract
Liquid crystal variable retarders (LCVRs) have been widely used as a transmissive element with
electrically tunable optical phase retardance in polarimetric optical systems. Since the responsive
characteristics of the LCVRs depend on the modulation processes, accurately and rapidly
characterizing LCVRs is of great significance for the performance improvement of the optical
system with LCVRs. Firstly, we proposed a Mueller matrix based model to characterize an
LCVRs with considerations of both linear birefringence (LB) and circular birefringence (CB),
with which the LCVRs is described by several driving voltage-dependent optical parameters
such as retardance, azimuth, relative transmittance and optical rotation angle. The experimental
results show that the Mueller matrices of the LCVRs measured by a commercial Mueller matrix
ellipsometer are consistently fitted by the proposed method, and the improvement of the
proposed characterization method can be read from the 15 times reduced average residual errors
of the reconstructed Muller matrix compared to the matrix reconstructed with the conventional
characterization methods. Through several typical dynamic measurement experiments using a
high-speed Stokes polarimeter with a temporal resolution of several nanoseconds, we
demonstrated the driving-voltage-dependence of these optical parameters as well as the existence
of both LB, CB and depolarization properties in the LCVRs modulation processes. Based on the
analysis of the extracted optical parameters, we have obtained the continuous modulation
characteristics and step response characteristics of LCVRs. Additionally, a comparison between
the Mueller matrices of air measured with the proposed and conventional characterization
method has been carried out to demonstrate the fidelity of the proposed method as well.

Keywords: liquid crystal variable retarders (LCVRs), dynamic modulation, characterization,
Stokes polarimeter

(Some figures may appear in colour only in the online journal)

1. Introduction

Nowadays, polarimetry is an indispensable technique
across many fields, such as astronomy [1–4], remote sen-
sing [5–7] and material characterization [8–11]. Nematic
liquid crystal variable retarders (LCVRs) have been widely

used as a transmissive element with electrically tunable
optical phase retardance in the variable retardance polari-
metry [12–15] and other polarimetric optical systems
[16, 17]. Since the characteristics of the LCVRs depend on
the modulation processes, dynamic characterization of the
LCVRs modulation process is of great significance for the
performance improvement in both accuracy and temporal
resolution of an optical system with LCVRs.
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In recent years, many researchers have been engaged in
characterizing the electro-optic and time response characteristics
of the LCVRs. Hilfiker et al studied the linear birefringence (LB)
property and the driving voltage dependence of the retardance for
the LCVRs [18–21]. Terrier et al additionally considered the
driving voltage dependence of the azimuth based on previous
characterization methods with the objective to improve the per-
formance of an imaging spectrometer [22]. López-Téllez et al
characterized the optical polarization properties of the LCVRs
with consideration of LB, linear diattenuation (LD) and depolar-
ization, but there is little discussion about the dynamic char-
acteristics of LCVRs [23]. Heredero et al investigated the
correlation between the response times and temperature under
different applied voltage changes [24]. Ma et al observed the
directions of liquid crystal molecular in real-time with a snapshot
polarimeter, and found that the LC molecular dynamics are
affected by the impurity ions in the LC cells [25]. Due to the
absence of the appropriate tools and accurate characterization
model, the systematic study on the dynamic responsive char-
acteristics of LCVRs are rarely explored. Besides, in most of the
existing studies on LCVRs, the circular birefringence (CB)
property is usually ignored, which may degrade the accuracy of
the characterization [26]. Missing of the voltage-dependent optical
properties of LCVRs will consequently limit their applications in
the optical system with emphasis on the accuracy as well as high
temporal resolution [22, 27]. It is highly desirable that there is a

method that can characterize the various properties of LCVRs
during the rapid dynamic modulation processes accurately.

At present, the fastest modulation frequency of LCVRs can
be several kilohertz [28]. To completely capture the details of
the dynamic modulation process, the time resolution required
by the measurement must be at least microsecond or even sub-
microsecond. The highest time resolution of the existing
polarimeter is about sub-millisecond [29]. Therefore, the self-
developed Stokes polarimeter which has a time resolution of
several nanoseconds, and can measure all the Stokes vectors in
one measurement [30, 31] shows advantages for the study of
the rapid modulation processes of LCVRs.

In this work, a Mueller matrix based model to char-
acterize an LCVRs with considerations of both LB and CB is
proposed at first. In the proposed characterization model, the
LCVRs are described by the voltage-dependent optical
parameters of relative transmittance A, retardance δ, azimuth
β and optical rotation angle γ. The improvement can be read
from the decreased residual errors, which is defined as the
deviations from the Mueller matrices reconstructed by the
proposed model and by the conventional model to the values
measured by the commercial Mueller matrix ellipsometer
(MME). Then, the self-developed Stokes polarimeter has
been applied for investigating the modulation characteristics
of LCVRs through several typical dynamic measurement
experiments. We have demonstrated the driving-voltage-

Figure 1. Light intensity distribution of the LCVRs at different driving voltage observed by a metallographic microscope: The axis represents
the number of pixels, and the value of the color bar represent the intensity of light detected by the CCD; the experimental configuration is
Eyepiece: PL 10×/22 (Field No. 20 mm); Objectives: 5×/0.15 (NA).
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dependence of these optical parameters as well as the exis-
tence of both LB, CB and depolarization properties in the
LCVRs modulation processes. Based on the analysis of the
extracted optical parameters, we have obtained the continuous
modulation characteristics and step response characteristics of
LCVRs. Additionally, the average residual error less than 1%
on the measured Mueller matrix of the air based on the
dynamic responsive characteristics of LCVRs demonstrated
the fidelity of the proposed method as well.

2. Characterization of the LCVRs based on Mueller
matrix

Typical nematic LCVRs modulate the retardance electrically
by changing the effective birefringence of the nematic liquid
crystal materials. The LCVRs are constructed by two opti-
cally flat fused silica windows coated with a transparent
conductive coating which is made of indium tin oxide (ITO).
Then, the ITO layer is covered by a thin dielectric layer which

is the molecular alignment layer [32]. Finally, the two win-
dows are assembled a few microns apart to create a cavity that
will be filled with birefringent nematic liquid crystal material.

The principle of the retardance modulation of the LCVRs is
that the orientation of liquid crystal molecules (LCMs) changes
regularly with external voltage applied. With no external voltage
applied, the long axes of the molecules nominally lie parallel to
the glass substrates with a naturally twisted orientation, and the
maximum retardation is achieved. With an increasing applied
voltage, the molecules tip further causing a reduction in the
effective retardance until tipping perpendicular to the substrates
to achieve a minimum retardance while keeping the twisted
orientation. It should be noted that there is a residual retardance
due to the fixed molecules pined at the alignment layer [33].

A metallographic polarizing microscope (Ningbo Sunny
instrument CO. LTD, BH200M) equipped with a pair of fast axis
orthogonal polarizers has been applied to observe the state of the
LCMs in the LCVRs (Meadowlark Optics, LVR-100) at different
driving voltages for a better understanding of the modulation
characteristics. The light intensity distribution of the LCVRs at

Figure 2. Electro-optic characteristic parameters of LCVRs characterized with proposed and conventional characterization method:
(a) azimuth β of LCVRs versus driving voltage; (b) retardance δ of LCVRs versus driving voltage; (c) optical rotation angle γ of LCVRs
versus driving voltage; (d) relative transmittance A of LCVRs versus driving voltage.
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different driving voltage are shown in figure 1. It can be observed
that the fibrous LCMs with different colors are in different
orientations under the metallographic microscope. Besides, the
fibrous LCMs gradually disappear as the driving voltage
increases, corresponding to the processes of LCMs rotating from
parallel and perpendicular to the glass substrates, respectively.
The experimental phenomena are consistent with the changes in
LCMs during the modulation processes mentioned above.
Meanwhile, it is well known that there is a CB property in the
LCMs [34], and combined with the change law of the fibrous
LCMs and the variation of light intensity distribution in the
driving voltage range of 2–3V, it is speculated that the
phenomenon may be due to the strongest CB properties of the
LCVRs in such driving voltage range. Besides, the LCMs are
unevenly distributed in the LCVRs according to the light
intensity distribution.

According to the observations under the metallographic
microscope, it has been confirmed the LCVRs exhibit both
LB and CB properties during the modulation processes. It is
worth emphasizing that there is little LD property in the
modulation processes of the LCVRs [23]. In order to simplify
the calibration model, the LD property is not considered in the
characterization experiments. Therefore, the characterization
of the LCVRs using Mueller matrix described by relative
transmittance A, optical rotation angle γ, azimuth β and
retardance δ can be expressed as

where α=γ–β. It is worth noting that the order
MCB(γ)·MLB(β,δ) is chosen because the azimuth calculated
by the order is closer to the azimuth set in the experiment. The
Mueller matrix of a device with LB properties such as a wave
plate or a retarder with a fast axis azimuth of β and a
retardance δ [35] can be expressed as

and the Mueller matrix for a device with CB properties, such
as an optically active material with an optical rotation angle γ
[36, 37], can be written as equation (3)
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Different from the conventional characterization method
where only the LB property is taken into consideration
[38–40], the proposed method introduces the CB property and

the voltage dependence of the optical parameters. As an
example, we use a commercial broadband MME (ME-L,
Wuhan Eoptics Technology Co, Ltd) to measure the Mueller
matrices of the LCVRs under a series of discrete constant
driving voltages. Then the Muller matrices of the LCVRs will
be fitted with the least squares fitting algorithm by both the

proposed and the conventional characterization methods, and
the comparison of the extracted optical parameters has been
shown in figure 2.

In the conventional characterization method, other optical
parameters except the retardance are driving voltage inde-
pendent. However, as shown in figure 2, all the optical
parameters of the LCVRs change with the driving voltage. It
should be noted that the extracted retardance achieved by both

Figure 3. The average residual errors of the Mueller matrix elements
achieved by the proposed and conventional characterization models.
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characterization models are identical as shown in figure 2(b),
which is because the retardance share the same expression in
different models. It can be observed that the optical rotation
angle of the LCVRs achieved by the proposed characteriza-
tion model are not 0 when the driving voltage is in the range
of 2.3–3.1 V as shown in figure 2(c). Meanwhile, the voltage-
dependent azimuth shows large differences in such interval as
shown in figure 2(a). As shown in figure 2(d), the relative
transmittance will fluctuate drastically with the increase of
driving voltage instead of remaining unchanged.

Then, we use the optical parameters extracted by dif-
ferent characterization methods to reconstruct the Muller
matrices of the LCVRs respectively. After that, the recon-
structed Mueller matrices will be compared based on the
Muller matrices measured by the MME. If the residual errors
and average residual errors of the Mueller matrix elements
are defined as equations (4) and (5), respectively, the aver-
age residual errors of the Mueller elements of the proposed
and conventional characterization methods are shown in
figure 3.

m m m , 4ij ij ij
c mD = - ( )

where mcij and mmij (i, j=0, 1, 2, 3) are the ith row and jth
column elements of the reconstructed and the measured
Mueller matrices, respectively
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It can be observed that the average residual errors of
Mueller matrix elements from the proposed characterization
model are significantly reduced about 15 times compared
with the conventional characterization model. Both the
reduced residual errors and more detailed transit processes
captured can be used to show the improvement of the pro-
posed characterization model.

3. Instrument and experiment preparation

The instrument for measuring the dynamic modulation pro-
cesses of the LCVRs is a self-developed Stokes polarimeter
with six parallel detection channels. As schematically shown
in figure (4), the Stokes polarimeter is based on the spatial
division of amplitude, and consists of three parts: a polar-
ization state generator (PSG), a sample stage and a fast
polarization measurement system (FPMS). The light source is
a 5 mW Red (632.8 nm) He–Ne Laser (THORLABS). The
PSG can output the polarized light of any polarization state.
Meanwhile, the FPMS can detect all the Stokes parameters of
the probing light in several nanoseconds. The polarimeter is
mounted on a rotatable base so that it can be used in both
transmissive mode, and reflective mode with multi-incident
angles [30, 31]. The experiments are carried out in a clean
room with constant temperature and humidity. Therefore, the
influence of the temperature is not considered in our
experiments.

The LCVRs used in our experiment are controlled with a
2 KHz square wave output signals in several computer-based
methods to simulate various types of modulated signals. The
LCVRs is a commercial product that have good stability and
repeatability of the same modulation processes. Due to the
strong coupling between the optical rotation angel and the
azimuth, the optical parameters of the same dynamic mod-
ulation processes are extracted by using two sets of mea-
surement configurations respectively in order to simplify the
data analysis. First, the retardance of the LCVRs is extracted
from Stokes parameters S3 when the polarization state of the
incident light is left-hand circular polarization. Then the value
of α can be extracted from S2/sin(δ) or S3/cos(δ), as shown in
equation (6). Meanwhile, the azimuth of the LCVRs can be
extracted from the S3/sin(δ) when the incident light is a linear
polarized light of 45°, as shown in equation (7)

S M 1 0 0 1

1 sin 2 sin cos 2 sin cos , 6

out LCVRs
T

Ta d a d d

=

= [ ]
· [ ]

( ) ( ) ( ) ( ) ( ) ( )

Figure 4. A six-channel Stokes polarimeter: (a) light path diagram: P1 and P2—polarizers; C1 and C3—quart-wave plate; S—LCVRs;
C2—half-wave plate; NPBS1—70:30 (R:T) non-polarization beam splitter; NPBS2—50:50 (R:T) non-polarization beam splitter; PBS—
polarization beam splitter; DAQ—oscilloscope; PC—personal computer; SC—signal controller; PMTi—photomultiplier tube. (b) Self-
developed Stokes polarimeter prototype.
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In order to validate the performance of the self-developed
Stokes polarimeter and the correctness of the proposed mea-
surement method of the optical parameters, we first use the
polarimeter to measure the static modulation process of
LCVRs in a series of discrete constant driving voltage. Since
only the curve of the retardance against the driving voltage is
provided by the manufacturer, a comparison between the
measured retardance and manufacturer provided data has
been carried out, as shown in figure 5.

As shown in figure 5(a), the retardance measured by the
Stokes polarimeter is wrapped into the range from 0° to
180°, so we perform the phase unwrapping procedure [38] to
get the actual retardance, as shown in figure 5(b). It is
observed that the retardance measured by the Stokes
polarimeter is consistent with the results provided by

manufacturer in general. However, the threshold voltage of
the retardance measured by the polarimeter is slightly larger
than the results provided by the manufacturer. When the
driving voltage is in the range of 1.5–3.5 V, the retardance of
the LCVRs measured by the polarimeter falls faster com-
pared with the results provided the manufacturer. However,
the residual retardance achieved is consistent when the
driving voltages are beyond 5 V. These subtle differences
are mainly caused by the different measurement conditions
and methods.

In order to establish the relationship between the mea-
sured modulation results and the state of the LCMs and to
facilitate subsequent data analysis procedure, the subsequent
results will not be ‘unwrapped’ into the full variation range of
the retardance as shown in figure 5(b). Then, the retardance
variations can be divided into three regions: I startup region,
II fast transit region and III stable region, which correspond to
the LCM rotation status, as shown in figure 5(c).

Figure 5. Modulation process of LCVRs in a series of discrete constant driving voltage: (a) retardance of the LCVRs measured by Stokes
polarimeter is ‘wrapped’ into a range from 0° to 180°; (b) ‘unwrapped’ retardance of the LCVRs measured with Stokes polarimeter and
provided by the manufacturer. where ‘PM’ represents the results provided by the manufacturer; ‘SP’ represents the results measured by the
Stokes polarimeter; (c) segmentation diagram of liquid crystal molecule rotation process, where the x-axis direction is parallel to the glass
substrates and the z-axis direction is perpendicular to the glass substrates.

Figure 6. Schematic diagram of modulation signals: (a) sawtooth with modulation periods of x ms (x=20–20 000), (b) 0–z V (z=1–10)
square wave with modulation periods of y ms (y=20–20 000).
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4. Dynamic measurement experiments

In this section, the dynamic responsive characteristics of the
LCVRs during several typical dynamic modulation processes
are investigated by the self-developed Stokes polarimeter. The
sawtooth signals of various modulation periods as shown in
figure 6(a), and the square wave signals with variable ampli-
tudes and periods as shown in figure 6(b), are used as mod-
ulation signals for the dynamic response characteristics study.

4.1. Modulated by sawtooth signals with different periods

In this part, we use the sawtooth signals with different periods
as applied voltage to explore the relationship between the
modulation period and dynamic responses of the LCVRs.
Some of the results are shown in figure 7, in which the
LCVRs exhibit different characteristics as the modulation
period increases.

Combined with the characteristics of the divided region
in the retardance shown in figure 5(a), it can be inferred that
the state of LCMs is nearly perpendicular to the glass sub-
strates at the beginning of each modulation cycle and will be
reset by a falling edge signal as shown in figure 7(a). The
entire process can be roughly divided into three stages
according to the dynamic response characteristics:

(i) 20–80 ms: when the period of the applied voltage falls
into this interval, the LCMs rotate from the stable
region to the fast transit region shown in figure 5(c)
under the falling edge signal. The LCMs rotate to the
farthest position in fast transit region at a certain voltage
when the inter-molecular force balanced the applied
force. After then, as the driving voltage continues to
increase, the inter-molecular force is smaller than the
applied force, and the LCMs will return from the fast
transit region to the stable region and enter the next
modulation cycle.

Figure 7. Optical parameters of the LCVRs modulated by sawtooth signals of different periods of x ms (x=20–20 000). In order to more
clearly and concisely show the evolution process, only the results of 20, 200, 2000, 20 000 ms are given in the figure.
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(ii) 100–500ms: a similar process like case (i) will happen to
the LCMs. However, the LCMs have enough time to rotate
from the stable region to the startup region and then back
to the stable region as the modulation period increases.

(iii) 800–20000 ms: The LCMs behave similarly to the static
modulation process. Under the falling edge signal, the
state of the liquid crystal molecular achieves a complete
reset gradually. They can rotate from stable region to
the direction parallel to the x-axis and then back to the
stable region when the modulation period is further
increased.

Besides, we extract the driving voltage and the time when
the applied force balances the intermolecular force according to
the law of the variation of the retardance, as shown in
figure 8(a). It can be observed that the required balance time
increases sharply while the balance driving voltage decreases
sharply when the modulation period is equivalent to the reset
time. The required balance time stabilizes around 22ms and the
balance driving voltage stabilizes around 0 V when the mod-
ulation period exceeds 5000ms. Therefore, the state reset time of
the LCMs under the falling edge signal is about 22ms, and the
LCVRs exhibit the similar phase modulation properties as the
static modulation processes when the modulation period is

beyond 5000ms. Meanwhile, we have also extract the residual
retardance, as shown in figure 8(b). when the modulation period
is less than 200ms, the residual retardance fluctuates irregularly.
It may be due to the measurement errors and unevenness caused
by the flow of the liquid crystal. Since then, the residual retar-
dance decreases slowly and finally stabilizes at around 60°
which is slightly higher than residual retardance in the static
modulation process, which indicates that the LCMs are not
completely perpendicular to the glass substrates during dynamic
modulation, and the LCMs will eventually get closer and closer
to the y-axis. If a smaller residual retardance is required, a longer
time at the high driving voltage should be maintained.

As shown in figures 7(b) and (c), it can be observed that the
azimuth of the LCVRs fast axis changes with the driving voltage
when the driving voltage is beyond the threshold. We usually
define the long axis of the LCMs as the slow axis. Meanwhile,
the long axis of the LCMs undergoes a process from parallel to
the glass substrates to perpendicular to the glass substrates as the
driving voltage increases, which is the reason why the azimuth
has a voltage dependence. In order to analyze the relationship
between azimuth and modulation period more clearly, we extract
the maximum azimuth variation and corresponding voltage, as
shown in figure 8(c). The voltage at the maximum azimuth
variation gradually drops to 2.2 V, and the maximum azimuth

Figure 8. Relationships between (a) period and driving voltage as well as time when applied force balance inter-molecular force; (b) period
and residual retardance; (c) period and maximum azimuth as well as corresponding voltage at maximum azimuth; (d) period and maximum
optical rotation angle as well as corresponding voltage at maximum optical rotation angle.
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gradually stabilizes around −84°. It can be inferred that the
maximum azimuth appears at the fast transit region combined
with the rotation process of the LCMs. Besides, we also have
extracted the maximum optical rotation angle and voltage at
maximum optical rotation angle to investigate the relationship
between the CB properties and modulation period, as shown in
figure 8(d). It can be observed that the voltage gradually stabi-
lizes at 2.2 V, while the maximum optical rotation angle gra-
dually decreases to−175°. It can be inferred that LCVRs exhibit
strong CB properties when the LCMs are in the fast transit

region, while the LCVRs show little CB properties when the
LCMs are parallel or perpendicular to the glass substrates.

As shown in figure 7(d), it can be observed that the relative
transmittance curve measured in dynamic modulation becomes
more and more similar to the transmittance curve measured in
static modulation. However, the variation of the relative trans-
mittance at the driving voltage between 4 and 5 V deviates from
the static measurement results. This may be caused by the fact
that the optical elements in the FPMS have different transmit-
tance for the different polarization states of the light.

Figure 9. Degree of polarization p of the output light when the LCVRs is modulated by sawtooth signals of different periods of x ms
(x=20–20 000). In order to more clearly and concisely show the evolution process, only the results of 20, 200, 2000, 20 000 ms are given in
the figure.
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In order to assess the depolarization of the LCVRs, the
degree of the polarization p [41] of the output light can be
defined by equation (8). Degree of polarization p of the output
light when the LCVRs is modulated by sawtooth signals of
different periods has been shown in figure 9. As can be seen,
p of the output of the LCVRs varies with the driving voltage
and the modulation period. We can observe a sharp fluctua-
tion of p at 0 T in the modulation processes of 200, 2000 and
20 000 ms, but there is a smooth transition observed at 0 T in
the modulation processes of 20 ms. Besides, there is a sig-
nificant decrease in p between 0.18 and 0.3 T which corre-
sponds to the process of the LCMs in the fast transit region.
López-Téllez et al speculated that the drastic change in the
retardance is the cause of the sharp fluctuation in p [23].
However, there is not a sudden change in the retardance
between the 0.12 and 0.5 T, and the p fluctuates sharply in
this interval in the modulation experiment of 20 ms. Mean-
while, when the LCMs is in the fast transit region or when the
driving voltage changes rapidly, the states of the LCMs
become unstable and change rapidly combined with the
analysis of the extracted optical parameters in the sawtooth

modulation experiments, causing drastic changes in the
optical properties of the LCVRs. Therefore, it can be specu-
lated that the fluctuation of the p is caused by the unstable and
dramatic change of the LCMs states

p
S S S

S
. 81

2
2
2

3
2

0
2

=
+ + ( )

4.2. Modulated by square signals with different amplitudes and
periods

(i) Square wave signals with fixed amplitude and varying
periods (z=10 V, y=20–2000 ms).

In this case, we will use the square wave signals with
fixed amplitude of 10 V and vary the periods to study the
relationship between the dynamic responsive characteristics
and the modulation periods first. Some results of the achieved
optical parameters are shown in figure 10.

It can be observed that the responses of the LCVRs at the
falling or rising edges are changing with the modulation

Figure 10.Optical parameters of the LCVRs modulated by square signals of different periods x ms (x=20–20 000). In order to more clearly
and concisely show the evolution process, only the results of 20, 200, 2000, 20 000 ms are shown in the figure.
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period. As shown in figure 10, the values of the retardance at
0.5 T and T are about 80° and 60° which are consistent with
the results modulated by sawtooth wave signals. There is a
difference of 8° between the values of azimuth at 0.5 and T,
and the optical rotation angle at 0.5 and T is always around
0°. We can observe a relatively gradually stable modulation
of the relative transmittance until the modulation period
beyond 200 ms. However, it should be noted that the relative
transmittance of the LCVRs is affected by that the optical
elements in the FPMS, which may have different transmit-
tance for the different polarization states of the light. There-
fore, the analysis of relative transmittance is qualitative.
Finally, the response time of the optical parameters at the
falling edge is significantly larger than that at the rising edge.
In order to more clearly observe the dynamic responsive
characteristic of the optical parameters, we extract their
response time at both the falling edge and rising edge of
square wave signals, as shown in figure 11.

As shown in figure 11(a), at the falling edge, the response
time of the azimuth is equivalent to the response time of the
retardance, while it is much larger than the response time of
the optical rotation angle. Besides, the response time of the
azimuth increases before the 40 ms modulation period, and
gradually stabilizes at about 20 ms. Meanwhile, the response
time of the retardance increases before the 60 ms modulation
period, and gradually stabilizes at about 22 ms. And the
response time of optical rotation angle has been fluctuating
around 7 ms. Then, at the rising edge, the response time of the
optical parameters fluctuates before the 170 ms modulation
period and then gradually increases. Finally, the response
time of the azimuth, retardance and optical rotation angle are

stable at 2.1 ms, 2 ms and 1.6 ms respectively, as shown in
figure 11(b).

The degree of polarization p of the output light when the
LCVRs is modulated by square signals of different periods of
y ms (y=20–20 000) has been shown in figure 12. The
change of the p verifies the speculation from the sawtooth
modulation experiments. The fluctuation of the p occurs at the
transition point of the high and low driving voltage when the
periods are 0.5 T and T, respectively, where the states of the
LCMs are undergoing dramatic changes. Additionally, the
slower fluctuation of p can be observed at the falling edge
than at the rising edge, which is consistent with the result that
the response time of the LCVRs under the falling edge is
larger than that at the rising edge. It is not recommended to
use signals with too short modulation period when using
LCVRs for phase modulation, because a sharp state change of
LCMs will result in a large change in p, which reduces
measurement accuracy.

(ii) Square wave signals with different amplitudes and
periods (z=1–10, y=20, 200, 2000).

Then the square wave modulated signals with different
amplitudes (z=1–10) when the periods are selected as
y=20, 200, and 2000 ms, are used to explore the relation-
ship between the dynamic response characteristics and the
driving voltage. It should be noted that the response char-
acteristics of the LCVRs are stable when the modulation
period is greater than 200 ms. So, the results of the period
greater than 2000 ms are not given here.

(a) Modulation period of 2000 ms.

Figure 11. Response time of optical parameters at (a) falling edge and (b) rising edge of the square wave signal applied.
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Since the dynamic change of the driving voltage is slow
when the modulation period is 2000 ms, the LCMs movement
can keep up with the external loading without significant
delay, the response time of the optical parameters at the edge
of signal can be ignored, and the LCVRs have a relatively
stable modulation state. The variation of the optical para-
meters at 0.5 T is consistent with the results in the sawtooth
wave modulation experiment, and variation of the retardance
and optical rotation angle at T remains the same as shown in
figures 13(a) and (c), while the variation of the azimuth and
the relative transmittance change with amplitude of the edge
signals as shown in figures 13(b) and (d). It is observed that
the transition process at the rising and falling edge varies with
the amplitude of the signal. Therefore, we choose the data at

the end of the signal to achieve a more stable modulation
effect when a step modulation signal is used.

(b) Modulation period of 200 ms.

When the modulation period is 200 ms, due to the quick
changes of the applied voltage, the LCMs rotation may lag
behind the external loadings, therefore the response time of
the optical parameters at the signal edge is non-ignorable,
while the modulation of the LCVRs is considered being sta-
bilized at the end of the signal edges. The variation of the
optical parameters at 0.5 T is still consistent with the results in
the sawtooth wave modulation experiment. Only the variation
of the optical rotation angle at T remains the same as shown
in figure 14(c), while the variations of the other optical

Figure 12. Degree of polarization of the output light when the LCVRs is modulated by square signals of different periods of y ms
(y=20–20 000). In order to more clearly and concisely show the evolution process, only the results of 20, 200, 2000, 20 000 ms are given in
the figure.
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parameters change with the amplitude of the edge signal
irregularly as shown in figures 14(a), (b) and (d). It is
observed that the transition process at the rising and falling
edge cannot be ignored relative to the entire modulation
processes.

(c) Modulation period of 20 ms.

Since the reaction of LCMs lag behind the driving voltage
significantly, the response time of the optical parameters at the
signal edge is approximately equivalent to the modulation period
of 20ms, thus, the change processes of the optical parameters
are completely different from the cases when the modulation
periods are 2000 and 200ms. The variation of the optical
parameters at T is complex and irregularly, while the variation of
optical parameters at 0.5 T is roughly similar to the measurement

results of the sawtooth wave modulation experiments, as shown
in figure 15. It can be learned from the previous experimental
results that the response time of the optical parameters at the
falling edge is about 20ms, and the response time is about 5 ms
at the rising edge. However, there is only 10ms left for the
LCMs to reset the state. Therefore, the time for the LCMs to
return to the predetermined position at the falling edge is
insufficient, and the position that can be returned will be more
and more deviated from the x-axis direction. Since the LCMs
always have sufficient time to reach the predetermined position
under the rising edge signal, the LCVRs have a relatively stable
modulation state under the high voltage.

In order to more clearly observe the dynamic response
characteristic of the optical parameters, we have extracted the
dynamic response time of the retardance, azimuth and optical

Figure 13. Optical parameters of the LCVRs modulated by a 0–z V (z=1–10) square signals with a period of 2000 ms. In order to more
clearly and concisely show the evolution process, only some important transition points are given.
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rotation angle at the falling edge and rising edge of when the
amplitudes of the modulation signals are different, as shown
in figure 16. According to the variation law of the extracted
dynamic response time, we find the response time at the
falling edge follows the variation law as equation (9), while
the response time at the rising edge follows the variation law
as equation (10), and the fitted parameters are listed in
tables 1 and 2

T a b V cexp 1 , 9f f f f= - +( ) ( )
T a b Vexp . 10r r r= ( ) ( )

As shown in figure 16, the dynamic response times of the
optical parameters at the signal edges are fitted well by the
proposed empirical formula. Here, we define the voltage
when the response time is no longer changing with amplitude
of the edge signals as the voltage to the stead state Vts, which

is schematically shown in figures 16(a) and (b). The response
time of the optical parameters at the falling edge increases as
the driving voltage increases. When the driving voltage is
beyond the Vts, the response time gradually become steady.
As shown in equation (9), the parameter af, bf, and cf deter-
mines the rising speed in the low amplitude region, the value
of the Vts, and the amplitude of the response time, respec-
tively. As shown in table 1, the values of the parameter af
should have been gradually reduced. However, the extracted
response times has a large error due to the small variation of
the optical parameters when the driving voltage is less than
2 V, which results in that the value of the af fluctuates with
the increase of the modulation period. For the same reason, it
is difficult to analyze the variation law of the Vts from the
value of the bf. The variation of the cf indicates that the
response time of the azimuth and retardance in the 20 ms

Figure 14. Optical parameters of the LCVRs modulated by a 0–z V (z=1–10) square signals with a period of 200 ms. In order to more
clearly and concisely show the evolution process, only some important transition points are given.
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modulation period fluctuate around 8.8 and 8.5 ms which is
different form the results 16 and 21 ms of the 200 and
2000 ms modulation period. However, the response time of
the optical rotation angle fluctuates around 8 ms which is
equivalent to that of the 200 and 2000 ms modulation period.
The response time of the optical parameters at the signal
rising edge decrease as the driving voltage increases. When
the driving voltage is beyond the Vts, the response time gra-
dually stabilizes around the 0. As shown in equation (10), the
parameter ar determines the falling speed of the low ampl-
itude region, and parameter br determines the value of Vts. As
shown in table 2, the values of the parameter ar decreases and
the values of the br increases as the modulation period
increases. It corresponds to the phenomenon that the response
time in the low amplitude region decreases more sharply and

the value of the Vts decreases as the modulation period
increases.

Further, we extracted the retardance, azimuth and the
optical rotation angle of the LCVRs at the time of 0.5 T and T
when modulated by the square wave signals with different
amplitudes, as shown in figure 17.

It is observed that the variations of the optical parameters
at 0.5 T in the 200 and 2000 ms modulation periods are
consistent with the results in the sawtooth wave modulation
experiment. Also, the variations of the azimuth in the range of
2–3.6 V are not 0°, while the optical rotation angles in the
range of the 2.2–5 V are not 0°. It indicates the existence of
CB property in this interval. The maximum variation azimuth
is about 45° when the amplitude of the applied voltage is
2.2 V. Meanwhile, the maximum optical rotation angle is

Figure 15. Optical parameters of the LCVRs modulated by a 0–z V (z=1–10) square signals with a period of 200 ms. In order to more
clearly and concisely show the evolution process, only some important transition points are given.

15

J. Opt. 21 (2019) 065605 S Zhang et al



about −100° when the amplitude of the applied voltage is
2.4 V. We can learn from the results in the sawtooth mod-
ulation experiments that the LCMs are in the fast transit
region in the driving voltage range of 2–3 V. The state of the

LCMs in this region change rapidly, causing the azimuth and
the optical rotation angle to change drastically within the
driving voltage region. However, due to the different char-
acteristics of LB and CB, the states of the LCMs at the

Figure 16. Response time of the optical parameters under falling edge and rising edge of square wave signal of different amplitude.
Subscripts ‘m’ represent the results extracted from the measured optical parameters, and the subscripts ‘f’ represent the results fitted by the
proposed empirical formula.
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maximum azimuth variation and maximum optical rotation
angle are different, which results in different driving voltages
for them. As for the results of the 20 ms modulation period,
the values of the optical parameters at 0.5 T are similar to the
results of the sawtooth wave modulation experiments in
general. However, the values of the optical parameters at T

fluctuate dramatically with the amplitude of the edge signal.
This is because the response time of the falling edge signal is
much larger than that of the rising edge signal, and the LCMs
have enough time to reach the predetermined modulation state
of the driving voltage at 0.5 T, while there is insufficient time
for the LCMs to return to the state of the driving voltage at T.

Figure 17. Optical parameters of LCVRs at 0.5 T, T under square wave signal with different amplitude: delta represents the difference of the
optical parameters at 0.5 T and T.
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So, it is not recommended to use a step signal with high
amplitude for modulation in the use of the LCVRs when the
modulation period is less than 200 ms.

4.3. Reconstruction of air Mueller matrix based on dynamic
characteristics of LCVRs

In order to verify the achieved dynamic characteristics of
LCVRs, we suppose the LCVRs as polarization modulation
devices in our optical system as schematically shown in
figure 18, and try to measure the Mueller matrix of the air, in
which the sawtooth signal with period of 200 ms modulation
period have been used to modulate the LCVR. Additionally, a
comparison between the Mueller matrices of air measured
with the proposed and conventional characterization methods
has been carried out. The Mueller matrix of the air and the
corresponding average residual errors of Muller matrix ele-
ments obtained with the proposed and conventional char-
acterization method are shown as equation (11)

M _
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where, Mair_p and Erave_p represents the Muller matrices and
average residual errors of Muller matrix elements obtained with
proposed characterization method, Mair_c and Erave_c represents
the Muller matrices and average residual errors of Muller matrix
elements obtained with conventional characterization method.

The average error of the Mueller matrix obtained with the
proposed method is less than 1% based on the theoretical
Mueller matrix of the air, while the average error of the matrix
obtained with conventional method is 4.90%. To a certain
extent, the results demonstrate the effectiveness and advantages
of the dynamic characterization procedure of the LCVRs.

5. Conclusions

A method based on the Mueller matrix has been proposed to
characterize the LCVRs, with which the LCVRs can be
described by the optical parameters such as the retardance,
azimuth, relative transmittance and optical rotation angle. The
improvement of the proposed method is shown by the 15
times reduced residual errors of the Mueller matrices

Table 1. Fitting results of the falling edge signals.

Period 2000 ms 200 ms 20 ms

Fit parameters β δ γ β δ γ β δ γ

af −9.575 −115.2 −45.23 −12.26 −95.02 −18.66 −3.503 −3.857 −28.58
bf 0.6343 1.933 1.536 0.776 2.001 0.9749 0.7694 0.9011 2.013
cf 15.89 20.57 8.571 15.01 19.749 9.79 9.233 8.797 8.037

Table 2. Fitting results of the rising edge signals.

Period 2000 ms 200 ms 20 ms

Fit parameters β δ γ β δ γ β δ γ

ar 2168 1391 733.3 51.86 93.78 74.53 11.06 16.6 18.29
br −1.756 −1.398 −1.179 −0.4538 −0.5213 −0.5199 −0.1364 −0.2635 −0.3217

Figure 18. Schematic diagram of air mull matrix measurement experiment: the new polarization generator is consisted by the old polarization
generator and the LCVRs, and the air is the sample.
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compared with conventional characterization methods.
Through several typical dynamic measurement experiments
using a high-speed Stokes polarimeter, we demonstrated the
driving-voltage-dependence of these optical parameters as
well as the existence of both LB and CB properties in the
LCVRs modulation processes. Then we have obtained the
continuous modulation characteristics and step response
characteristics of LCVRs by analyzing the extracted optical
parameters. Based on the analysis of the extracted optical
parameters, we have established the relationship between the
modulation characteristics and the rotation state of the LCMs
by combining the measured responses to continuous and step
modulation signals. An empirical formula is given to describe
the relationship between the response time and amplitude of
the square wave modulation signal as well. Finally, Mueller
matrix of the air reconstructed based on the achieved dynamic
characteristics of LCVRs and the corresponding average
residual errors less than 1% further demonstrates the validity
of the proposed method.
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