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Recently, theMuellermatrix polarimeter (MMP) has been introduced for critical dimension and overlaymetrology.
In practice, the measurement process invariably has errors. These errors, which can be generally categorized into
random and systematic errors, have great influences on the final precision and accuracy of the extracted structural
parameters. In this paper, we present detailed formulations for the propagation and estimation of random and
systematic errors in grating reconstruction using a dual-rotating compensator MMP (DRC-MMP).We derive a gen-
eralized first-order error propagating formula, which reveals the mechanism of error propagation in grating recon-
struction using the DRC-MMP. According to this first-order error propagating formula and the measurement
principle of theDRC-MMP,we then derive detailed formulations for the estimation of randomand systematic errors
that are propagated into thefinal extracted structural parameters. Simulations performedon silicon grating samples
have demonstrated the validity of the present theoretical derivations.

© 2014 Elsevier B.V. All rights reserved.
1. Introduction

Process control in microelectronic manufacturing requires real-
timemonitoring techniques. Among the different techniques, optical
scatterometry, also referred to as optical critical dimension (OCD)
metrology, has beenwidely used for critical dimension (CD)monitoring
[1–3]. The grating reconstruction process in optical scatterometry is es-
sentially an inverse diffraction problem solving process with the objec-
tive of finding a profile whose theoretical signature can best match the
measured one. Here, the general term signature contains the scattered
light information from the grating structure, which can be in the form
of reflectance, ellipsometric angles, Stokes vector elements, or Mueller
matrix elements. In practice, the grating reconstruction process invari-
ably has errors. These errors, which can be generally categorized into
random and systematic errors, have great influences on the final preci-
sion and accuracy of the extracted structural parameters. In order to es-
timate how scatterometry will behave for nanostructures or to guide
the design of future scatterometers, theoretical analysis of error propa-
gation in grating reconstruction is of great importance for both
scatterometer manufacturers and users. Error and uncertainty analysis
for conventional ellipsometric scatterometry has been studied in recent
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years. Al-Assaad and Byrne investigated the propagation of different
types of errors from the scatterometric data to the extracted structural
parameters [4]. Germer et al. developed a scatterometry sensitivity
analysis program, named OCDSense, to describe the propagation of
measurement noise and to estimate systematic effects in measurement
[5,6]. Silver et al. introduced an approach for embedding reference me-
trology results directly in the uncertainty analysis and library-fitting
process to reduce parametric uncertainties [7]. Vagos et al. developed
an uncertainty & sensitivity analysis (U&SA) package for measurement
optimization [8].

Recently, the Mueller matrix polarimeter (MMP), developed based
on the coupled ferroelectric liquid crystal cell [9,10] or dual-rotating
compensator [11–13] technique, has been introduced for CD andoverlay
metrology [14–16] and has demonstrated great potential in semicon-
ductor manufacturing. Compared with the conventional ellipsometric
scatterometer, the design and calibration of the MMP are much more
complicated. There will be more error sources in grating reconstruction
using the MMP, and therefore the corresponding error analysis will be
much more challenging. In the past decades, error analysis for this in-
strument has been discussed in literature. Hauge analyzed errors that
were due to diattenuation in the retardation elements [17]. Goldstein
and Chipman discussed small errors in orientational alignment of
three of the four polarization elements [18], andChenault et al. extended
this method to larger errors [19]. Twietmeyer and Chipman performed
error analysis based on the covariance matrix method with the aim of
optimizing the polarimeter design in the presence of error sources
[20]. Broch et al. investigated systematic errors caused by the inaccurate
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Fig. 1. The grating reconstruction procedure and the errors in this procedure using a dual-
rotating compensator Mueller matrix polarimeter (DRC-MMP).
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azimuthal arrangement of optical components and the residual elliptic-
ity introduced by imperfect optical components [21,22]. It is interesting
to note that most of these analyses are focused on systematic errors in
the Mueller matrix measurement. Although it is important from the
point of view of instrument design, it is still desirable to quantify the re-
lation between all of the possible error sources in measurement and the
final solution of the inverse diffraction problem in order to further clarify
the influences of different error sources.

The objective of this paper is to provide detailed formulations for the
propagation and estimation of random and systematic errors in grating
reconstruction by a dual-rotating compensator MMP (DRC-MMP). The
primary features of the DRC-MMP are the mechanically rotating wave
plates, which may cause vibration and beam wander and ultimately
limit the maximum data acquisition speed. Despite these limitations,
the DRC configuration basedMMP still remains popular up to now, like-
ly because it is inexpensive and straightforward to align and calibrate. In
this paper, we analyze the possible error sources in grating reconstruc-
tion using the DRC-MMP. Thenwe derive a generalized first-order error
propagating formula, which reveals the mechanism of error propaga-
tion in the grating reconstruction procedure. According to the first-
order error propagating formula and the measurement principle of the
DRC-MMP, we then derive detailed formulations for the estimation of
random and systematic errors that are propagated into thefinal extract-
ed structural parameters. Based on these analyses, we build the relation
between the solution of the inverse diffraction problem and the error
sources in both the DRC-MMP and the optical model. It is expected
that our theoretical analyses will be used either to assess the measure-
ment precision and accuracy for developing DRC-MMPs in CD and over-
laymetrology or to optimize the DRC-MMP design tomake it satisfy the
requirements of an advanced technology node.

The remainder of this paper is organized as follows. Section 2 first
introduces error sources in grating reconstruction using the DRC-MMP.
Next, the formalism of error propagation and estimation in grating recon-
struction using theDRC-MMP is presented in Section3. Section4provides
simulations performed on two silicon grating samples to demonstrate the
theoretical derivations of error propagation and estimation. Finally, we
draw some conclusions in Section 5.

2. Errors in grating reconstruction using a DRC-MMP

Fig. 1 depicts the grating reconstruction procedure and the errors in
this procedure using a DRC-MMP. In this procedure, an optical model
corresponding to the grating sample is constructed in the beginning.
Without loss of generality, we denote the structural parameters under
measurement as an M-dimensional vector x = [x1,x2,⋯,xM]T, where the
superscript “T” represents the transpose. The vector a = [a1,a2,⋯,aL]T
consists of all of the other L fixed parameters that are input into the
optical model. The χ2 function is usually applied to estimate the fitting
errors between the calculated and measured Mueller matrix spectra,
which is defined in a matrix form as

χ2 ¼ Mmeas−M calc x; að Þ
h iT

W Mmeas−M calc x; að Þ
h i

; ð1Þ

where Mmeas andMcalc(x,a) are the N-dimensional column vectors that
consist of themeasured and calculatedMueller matrix elements, respec-
tively.W is an N × N positive definite weighting matrix, which is usually
chosen to be the inverse of the covariance matrix of the measured
Mueller matrix elements. The optimal estimation of the structural pa-
rameters x̂ can be achieved by solving

x̂ ¼ argmin
x∈Ω

Mmeas−M calc x; a�
� �h iT

W Mmeas−M calc x; a�
� �h i

; ð2Þ

where a⁎ denotes the priori value of a in grating reconstruction, andΩ is
the parameter domain.
Generally, two types of error can be distinguished from the final ex-
tracted structural parameters x̂, i.e., random error εΔx and systematic
error μΔx. The former represents the amount of random uncertainties
in the extracted parameters while the latter represents the determinis-
tic difference between the true and the extracted parameter values. The
extracted structural parameters x̂will be the sum of the true parameter
value x0, the random error εΔx, and the systematic error μΔx, i.e., x̂ ¼ x0

þεΔx þ μΔx . The random error εΔx in x̂ arises from the random noise in
measurements using the DRC-MMP, whereas the systematic error μΔx

results from the deterministic offsets both in the DRC-MMP and in the
applied optical model during grating reconstruction.
2.1. Errors in the optical model

The systematic errors in the optical model typically arise from the
bias Δa in vector a and the simplified characterization of the grating
sample under measurement. The variables in vector a can be any pa-
rameters that are fixed in grating reconstruction, such as the incidence
and azimuthal angles θ and φ, the refractive indices n and k, or even
the structural parameters. The biasΔa describes the difference between
the priori value a⁎ and the true value a0 of vector a, i.e.,Δa= a0− a∗. In
addition, a priori knowledge of the grating sample, such as its periodicity
and its rectangular or trapezoidal-like profile shape, is usually intro-
duced to calculate its optical signature in practice. However, this knowl-
edge is sometimes partial or inaccurate. For example, the actual grating
sample may have round corners and/or line edge roughness, which are
sometimes ignored in practical optical modeling. The systematic errors
in the optical model that are induced by the simplified characterization
of the grating sample can be quantified by the residual signature rM =
M0 − Mcalc(x0,a0), where M0 denotes the true signature of the grating
sample and Mcalc(x0,a0) denotes the calculated signature associated
with the true values x0 and a0.
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2.2. Errors in the DRC-MMP

As schematically shown in Fig. 2, the system configuration of the
DRC-MMP in order of light propagation is PCr1SCr2A, where P and A
stand for the fixed polarizer and analyzer, Cr1 and Cr2 refer to the 1st
and 2nd frequency-coupled rotating compensators, and S stands for
the sample [11–13]. The system model of the DRC-MMP can be formu-
lated as [23,24]

Gmeas ¼ D bð Þ �Mmeas
; ð3Þ

where Gmeas is a K-element flux vector measured by the detector.D is a K
× 16 polarimetric matrix, which is a function of a system-dependent vec-
tor b. The variables in b can be the transmission axis angles of the
polarizer P and analyzer A, the fast axis angles CS1 and CS2, the phase
retardances δ1 and δ2 of the two compensators etc., i.e., b = [P, A, CS1,
CS2, δ1, δ2,…]T, which are typically determined from a calibration process.

The measured flux vector Gmeas will be the sum of the true signal
(noise-free signal) G0 and a random vector εΔG representing measure-
ment noise in Gmeas, i.e., Gmeas= G0 + εΔG. We assume that the random
vector εΔG has a zero mean and any offset in the measured Mueller
matrix Mmeas is induced by the bias Δb in vector b, which describes
the difference between the calibrated value b⁎ and the true value b0

of vector b, i.e., Δb= b0 − b⁎. Therefore, the measured Mueller matrix
Mmeas determined by Eq. (3) will be the sum of the true signature of the
grating sampleM0, the random error εΔM, and the systematic error μΔM,
i.e.,Mmeas =M0 + εΔM+μΔM. The random error εΔM inMmeas is rooted
in the random noise εΔG in Gmeas, whereas the systematic error μΔM

arises from the bias Δb in vector b. As depicted in Fig. 1, the random
and systematic errors εΔM and μΔM in the measured Mueller matrix
Mmeas together with the systematic errors in the calculated Mueller
matrix Mcalc(x,a⁎) will finally propagate into the extracted structural
parameters x̂ when solving Eq. (2).

3. Error propagation and estimation in grating reconstruction using
a DRC-MMP

3.1. Generalized formulation for error propagation

We assume that the function Mcalc(x,a) is sufficiently smooth and
can be expanded in a Taylor series which, truncated to the first order,
leads to a linear model at x̂; a�ð Þ

M calc x; að Þ ¼ M calc x̂; a�
� �þ Jx � x−x̂ð Þ þ Ja � a−a�

� �
; ð4Þ

where Jx and Ja are theN×M andN× L Jacobianmatriceswith respect to
x and a respectively, whose elements are given by

Jx½ �ij ¼
∂M calc

i x; að Þ
∂xj

�����
x¼x̂; a¼a�

; ð5aÞ
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Fig. 2. Basic scheme of the dual-rotating compensator Mueller matrix polarimeter.
Ja½ �ij ¼
∂M calc

i x; að Þ
∂aj

�����
x¼x̂; a¼a�

: ð5bÞ

Substitution of x = x0 and a = a0 into Eq. (4) gives

M calc x0; a0ð Þ ¼ M calc x̂; a�
� �þ JxΔx þ JaΔa; ð6Þ

where Δx denotes the error (including random and systematic errors)
that is propagated into the extracted parameters x̂, and can be expressed
by Δx ¼ x0−x̂ ¼ −μΔx−εΔx .

Inserting Eq. (6) into Eq. (1) and noticing thatMcalc(x0,a0)=M0− rM
andMmeas =M0 + μΔM + εΔM in the meanwhile, we have

χ2
min ¼ Mmeas−M calc x̂; a�

� �h iT
W½Mmeas−M calc x̂; a�

� ��
¼ JxΔx þ JaΔaþ rM þ μΔM þ εΔM½ �TW½ JxΔx þ JaΔaþ rM þ μΔM þ εΔM�:

ð7Þ

By taking the derivatives of both sides of Eq. (7) with respect to each
element of x, we obtain

eJxΔx þeJaΔaþ erM þ eμΔM þ eεΔM ¼ 0; ð8Þ

whereeJx ¼ W1=2 Jx,eJa ¼ W1=2 Ja,erM ¼ W1=2rM,eμΔM ¼ W1=2μΔM, andeεΔM
¼ W1=2εΔM . The detailed derivation of Eq. (8) is given in Appendix A.
We call Eq. (8) the generalized first-order error propagating formula,
which relates the error Δx in the extracted parameters x̂ with those
error sources, such as the bias Δa in vector a, the residual signature rM
induced by the optical model, and the random and systematic errors
εΔM and μΔM in the measured Mueller matrix Mmeas. According to
Eq. (8), we can further estimate the random and systematic errors εΔx
and μΔx that are propagated into x̂.

3.2. Estimation of random errors

Random errors are typically described by using their variances or
standard deviations. A signal-dependent noise model has been pro-
posed to estimate random noise introduced by the optical imaging sys-
tems [25–27]. Assuming that the random noise εΔG in the measured
fluxes Gmeas is the additive Gaussian white noise, and that the pixels
of the detector are homogeneous, we extend the signal-dependent
noise model to estimate the variances of Gmeas by

σ2 gkð Þ ¼ ε0 þ ε1gk þ ε2g
2
k þ ε3g

3
k ; ð9Þ

where gk (k= 1, 2,…, K) is the k-th measured flux of Gmeas. εi (i= 0,
1, 2, 3) are the coefficients of the noise model, which are determined
by the performances of the instrument. The physical meanings of the
four coefficients can be interpreted as follows: ε0 is associated with
the dark current noise, thermal noise, and background noise, ε1 is as-
sociated with the shot noise, ε2 is associated with the light source in-
tensity noise and modulation noise, and ε3 is associated with the low
frequency noise. In a well-developed DRC-MMP, the second term of
Eq. (9) will be predominant, while other terms should have small
quantities.

According to Eq. (3), we derive the covariance matrix of the mea-
sured Mueller matrix Mmeas resulting from the covariance matrix of
the measured fluxes Gmeas that

C Mmeas� � ¼ C εΔMð Þ ¼ Dþ b�� � � C Gmeas� � � Dþ b�� �h iT
; ð10Þ

where D+(b∗) = [D(b∗)TD(b∗)]−1[D(b∗)]T is the Moore–Penrose
pseudo-inverse of matrix D(b∗). Assuming that the measured fluxes gk
(k = 1, 2, …, K) are uncorrelated and noticing that the random vector
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εΔG has a zeromean, the covariancematrix C(Gmeas) can be expressed as
a diagonal matrix with the diagonal elements σ2(gk), i.e.,

C Gmeas� � ¼ C εΔGð Þ ¼ εΔGε
T
ΔG

D E
¼ diag σ2 g1ð Þ; σ2 g2ð Þ; …; σ2 gKð Þ

� �
: ð11Þ

According to Eqs. (10) and (11), we derive the variances of the
Mueller matrix elements mij that

σ2 mij

� �
¼

XK
k¼1

dþrk
� �2

σ2 gkð Þ; ð12Þ

where drk
+ is the (r, k)-th element of the matrix D+(b∗). The index r

corresponds to the serial number of mij in Mmeas.
The uncertainties in the measured Mueller matrix will then propa-

gate into the extracted structural parameters x̂ in the process of solving
Eq. (2). According to Eq. (8), we further derive the covariance matrix of
x̂ that

C x̂ð Þ ¼ C εΔxð Þ ¼ eJþx � C eεΔM� � � eJþx� �T

¼ eJþx �W1=2 � C εΔMð Þ �W1=2 � eJþx� �T
; ð13Þ

whereeJþx ¼ eJTxeJx� �−1eJTx is theMoore–Penrose pseudo-inverse of matrixeJx . If the weighting matrix W is chosen to be W = [C(εΔM)]−1, then
Eq. (13) can be further simplified to

C x̂ð Þ ¼ C εΔxð Þ ¼ eJþx eJþx� �T ¼ eJTxeJx� �−1eJTxeJx eJTxeJx� �−1 ¼ eJTxeJx� �−1
: ð14Þ

In this case, the χ2 function as defined in Eq. (1) will be the
Mahalanobis distance [28]. The standard deviation of parameter xi
(i = 1, 2, …, M) can be estimated from the diagonal element of C x̂ð Þ
and is given by

σ xið Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C x̂ð Þ½ �ii

q
: ð15Þ

According to Eq. (15), the estimated uncertainty in parameter xiwith
a desired confidence level is given by

u xið Þ ¼ κσ xið Þ; ð16Þ

where κ is the coverage factor associatedwith theprescribed confidence
level.

3.3. Estimation of systematic errors

The systematic error μΔx in the extracted structural parameters x̂
arises from the deterministic offset in the DRC-MMP aswell as in the ap-
plied optical model during grating reconstruction. Taking the mean
values of both sides of Eq. (8) and noticing that the random error εΔM
in Mmeas has a zero mean, we obtain the following equation

Δxh i ¼ −μΔx ¼ −eJþxeJaΔa−eJþxerM−eJþx eμΔM: ð17Þ

We call Eq. (17) as the systematic error propagating formula, which
describes how the biasΔa in vector a, the residual signature rM induced
by the optical model, and the systematic error μΔM in the measured
Mueller matrix Mmeas lead to the systematic error μΔx in x̂. According
to Eq. (3), a generalized formula is derived to estimate the systematic
error μΔM inMmeas induced by the biasΔb in vector b, which is given by

μΔM ¼ D b�� �þ ΔbT � ∂D∂b
� 	þ

� ΔbT � ∂D∂b

 �

� Mmeas� 
; ð18Þ
where D b�ð Þ þ ΔbT � ∂D∂b
h iþ

is the Moore–Penrose pseudo-inverse of

matrix D b�ð Þ þ ΔbT � ∂D∂b
h i

, and the term ΔbT � ∂D∂b is defined by

ΔbT � ∂D∂b ¼

ΔbT � ∂d1;1∂b ΔbT � ∂d1;2∂b ⋯ ΔbT � ∂d1;16∂b
ΔbT � ∂d2;1∂b ΔbT � ∂d2;2∂b ⋯ ΔbT � ∂d2;16∂b

⋮ ⋮ ⋱ ⋮
ΔbT � ∂dK;1∂b ΔbT � ∂dK;2∂b ⋯ ΔbT � ∂dK;16∂b

2
66666664

3
77777775
; ð19Þ

where di,j is the (i, j)-th element of D(b). The partial derivatives in
Eq. (19) are calculated at b = b⁎. The detailed derivation of
Eq. (18) is given in Appendix B.

Eqs. (17–19) relate the systematic error μΔx in the extracted struc-
tural parameters x̂ with the error sources in the optical model and
DRC-MMP. According to Eqs. (17–19), we can identify which error
sources will contribute most in limiting the accuracy of grating recon-
struction. Consequently, useful strategies for controlling and improving
the finalmeasurement accuracy can be developed. In addition, according
to Eq. (17), we can further derive the following inequality that

μΔx

�� ��≤ eJþxeJa��� ��� � Δak k þ eJþx��� ��� � erM�� ��þ eJþx��� ��� � eμΔM

�� ��; ð20Þ

where the notation ‖ ⋅ ‖ denotes the lp (p=1, 2,∞) vector norm and the
lp matrix norm that is induced by the associated vector norm [29].
Eq. (20) gives the upper bound of the systematic errors that are propa-

gated into x̂. eJþxeJa��� ��� and eJþx��� ��� represent the maximum gain factors in

the propagation of different error sources, which can be used as objective
functions to optimize the measurement configuration of the MMP for
more accurate grating reconstruction [30]. In order to make the above
description much clearer, the important symbols adopted in the theo-
retical derivations are listed in Appendix C.

4. Results

To verify the theoretical derivations of the error propagation and es-
timation in grating reconstruction, simulations were performed on two
silicon grating samples. Fig. 3 depicts cross-section images of the inves-
tigated silicon gratings. Sample (a) has a perfect trapezoidal profile and
is characterized by top critical dimension TCD, sidewall angle SWA, line
height Hgt, and period pitch. Sample (b) also has a trapezoidal-like pro-
file but with top and bottom round corners R1 and R2 and is used to in-
vestigate the systematic errors induced by simplified characterization of
the sample. Nominal dimensions of the two grating samples are: TCD=
45 nm, Hgt=100 nm, SWA= 82°, and pitch=90 nm. Top and bottom
round corners of sample (b) are given by R1= R2= 5 nm. In the follow-
ing simulations, structural parameters of the silicon grating samples
that need to be extracted include TCD, Hgt and SWA, while others are
fixed at their nominal values. Optical properties of silicon are taken
from Ref. [31]. Parameter settings of the DRC-MMP are fixed at P = A
= 45°, CS1 = CS2 = 0°, and δ1 = δ2 = 90° (correspond to a quarter
waveplate). Coefficients of the parametric noise model as described in
Eq. (9) are taken as ε0 = 12.13, ε1 = 4.31e−2, ε2 = 6.89e−7, and ε3
= 2.73e−11, which is a group of calibration values determined by
the performance of our instrument. The spectral range is varied from
200 to 800 nm with an increment of 5 nm.

Since the following comparisons are based on the “measured”
Mueller matrix, it is necessary to describe how to generate it before
presenting the comparison results. The “measured” Mueller matrix is
defined as the theoretical sample Mueller matrix added with simulated
errors, and is used to imitate the actually measured sampleMueller ma-
trix in the process of grating reconstruction. To generate the “measured”
Mueller matrix, we first calculate the theoretical sampleMueller matrix
by using rigorous coupled-wave analysis [32–34]. The theoretical light
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fluxes gk (k = 1, 2,…, K) can be calculated by performing Fourier anal-
ysis on the light intensity waveform obtained from the first element of
the emerging Stokes vector. Then we add random noise into the theo-
retical fluxes to imitate the actually measured fluxes Gmeas given in
Eq. (3),where the randomnoise is generated using a zeromeanGaussian
distributionmodel with the signal-dependent variance σ2(gk) calculated
by Eq. (9). We further add biases into the transmission axis angles of the
polarizer and analyzer P and A, fast axis angles CS1 and CS2 and phase
retardances δ1 and δ2 of the two compensators to make the system-
dependent vector b in Eq. (3) contain calibration errors. According to
Eq. (3), we can obtain the “measured” sample Mueller matrix Mmeas. By
continuously varying the wavelengths, we will further obtain the
“measured”Mueller matrix spectrum. The systematic errors induced
by the optical model, such as simplified characterization of the grating
sample and biases in the incidence and azimuthal angles θ and φ, can
be simulated by adding the corresponding errors into the inverse dif-
fraction problem solving process. In the simulations, the solution of
Eq. (2) is solved by using the Levenberg–Marquardt algorithm [35],
which typically converges rapidly to the global minimum if suitable ini-
tial values are provided.

The uncertainties in the extracted structural parameters can be esti-
mated using Eq. (16). In order to examine the validity of the estimated
uncertainties, a group of “measured”Mueller matrix spectra are repeat-
edly generated first for sample (a). We then extract the structural
parameters from the generated “measured” Mueller matrix spectra.
Based on the extracted structural parameters, we can directly calculate
the uncertainties in the extracted structural parameters. We then com-
pare the above statistically calculated uncertainties with those theoret-
ically estimated by Eq. (16). In the calculations, the uncertainties in the
extracted structural parameters are estimated with a 95% confidence
level, i.e., κ= 1.96. The incidence angle isfixed at 65°, and the azimuthal
angles are varied from 0° to 90° with an increment of 5°. Fig. 4 depicts
the comparison between the statistically calculated uncertainties in
the extracted structural parameters TCD, Hgt and SWA and those theo-
retically estimated by Eq. (16). As observed from Fig. 4, the theoretically
estimated uncertainties show good agreement with those statistically
calculated ones for all the combinations of incidence and azimuthal
angles. Minor differences in the results are possibly attributed to numer-
ical errors. It therefore demonstrates the validity of the derived uncertain-
ty estimation formula given in Eq. (16).

The systematic errorμΔx in the extracted structural parameters x̂ can
be estimated using Eqs. (17–19). In the simulations, we first examine
the validity of the estimated systematic error in x̂ induced by the biases
Δa and Δb for sample (a). Then, we further examine the validity of the
estimated systematic error in x̂ induced by the biases Δa andΔb as well
as the residual signature rM for sample (b), where the residual signature
rM is induced by ignoring the top and bottom round corners and charac-
terizing it with a perfect trapezoidal profile. To this end, we first gener-
ate the “measured” Mueller matrix spectrum for the structural
parameters x0 and fixed values a0 = a∗ + Δa and b0 = b∗ + Δb. Then,
we extract the structural parameters from the “measured” Mueller
matrix spectrum with the given values a∗ and b∗. It is certain that
there will exist errors Δx (including the random and systematic errors
εΔx and μΔx) in x̂ , i.e., Δx ¼ x0−x̂ ¼ −μΔx−εΔx . If we repeat the
above procedure n times, wewill obtain n groups of extracted structural
parameters. Themeanvalue of the errorsΔx in then groups of extracted
structural parameterswill be the statistically calculated systematic error
in x̂. Fig. 5(a) depicts the comparison between the theoretically estimat-
ed and statistically calculated systematic errors in TCD, Hgt and SWA of
sample (a) that are induced by the biases Δa and Δb. Fig. 5(b) depicts
the comparison between the theoretically estimated and statistically
calculated systematic errors in TCD, Hgt and SWA of sample (b) that
are induced by the biases Δa and Δb as well as the residual signature
rM. In both Fig. 5(a) and (b), the biases Δa and Δb are given by Δa =
[Δθ, Δφ]T = [0.5°, 1.0°]T and Δb = [ΔP, ΔA, ΔCS1, ΔCS2, Δδ1, Δδ2]T =
[0.3°, 0.3°, 0.3°, 0.3°, 0.5°, 0.5°]T. As observed fromFig. 5, the theoretically
estimated systematic errors exhibit good agreement with those statisti-
cally calculated ones for all the combinations of incidence and azimuthal
angles, which therefore demonstrates the validity of the systematic error
estimation formula given in Eqs. (17)–(19).
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Fig. 5. Comparison between the statistically calculated systematic errors in the extracted structural parameters TCD, Hgt and SWAwith those theoretically estimated by Eqs. (17–19). The
systematic errors in the extracted structural parameters are induced by (a) the biasesΔa andΔb for sample (a), and (b) the biasesΔa andΔb aswell as the residual signature rM for sample
(b). In the calculations, the incidence angle is fixed at 65° and the azimuthal angles are varied from 0° to 90° with an increment of 5°.
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5. Conclusions

In this paper, the propagation and estimation of random and sys-
tematic errors in grating reconstruction using a DRC-MMP were theo-
retically discussed. We derived a generalized first-order propagating
formula, which reveals the mechanism of error propagation in grating
reconstruction using the DRC-MMP. According to the first-order error
propagating formula and the measurement principle of the DRC-MMP,
we presented the detailed formulations for the estimation of random
and systematic errors in the grating reconstruction procedure. Simula-
tions performed on silicon grating samples have demonstrated that
the derived formulations can offer good estimation of the uncertainties
and systematic errors that are propagated into the final extracted struc-
tural parameters. It is expected that the derived formulations can be
used either to assess the measurement precision and accuracy for de-
veloping DRC-MMPs in CD and overlay metrology or to guide the mea-
surement configuration optimization for the MMP to achieve a more
precise and accurate measurement.
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Appendix A. Derivation of Eq. (8)

In order to derive Eq. (8), we introduce the matrix A(x) = JxΔx +
JaΔa + rM + μΔM + εΔM for the sake of brevity. Therefore, Eq. (7) can
be rewritten as

χ2
min ¼ A xð Þ½ �TW A xð Þ½ � ¼ eA xð Þ

h iT eA xð Þ
h i

; ðA:1Þ
where eA xð Þ ¼ W1=2A xð Þ ¼ eJxΔx þeJaΔaþ erM þ eμΔM þ eεΔM . By taking
the derivatives of both sides of Eq. (A.1) with respect to each element
of x, we derive that

2
∂ eA xð Þ
h iT
∂x

eA xð Þ ¼ 0; ðA:2Þ

∂ eA xð Þ
h iT
∂x ¼ −eJTx: ðA:3Þ

Inserting Eq. (A.3) into Eq. (A.2), we have

−2eJTx � eJxΔx þeJaΔaþ erM þ eμΔM þ eεΔMh i
¼ 0: ðA:4Þ

Considering thateJx is not always equal to a zero matrix, thereby we
obtain

eJxΔx þeJaΔaþ erM þ eμΔM þ eεΔM ¼ 0: ðA:5Þ

Appendix B. Derivation of Eq. (18)

According to the systemmodel of the DRC-MMP given in Eq. (3), we
have

G0 þ εΔG ¼ D b�� � � M0 þ εΔM þ μΔMð Þ: ðB:1Þ

As mentioned above, the random error εΔM inMmeas is rooted in the
random noise εΔG in Gmeas, and both εΔM and εΔG have a zero mean. By
taking the mean values of both sides of Eq. (B.1), we have

G0 ¼ D b�� � � Mmeas�  ¼ D b�� � � M0 þ μΔMð Þ: ðB:2Þ
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We assume that the polarimetric matrix D(b) is sufficiently smooth
and can be expanded in a Taylor series which, truncated to the first
order, leads to a linear model at b = b∗

D bð Þ ¼ D b�� �þ b−b�� �T � ∂D∂b : ðB:3Þ

Substitution of b = b0 into Eq. (B.3) gives

D b0ð Þ ¼ D b�� �þ ΔbT � ∂D∂b : ðB:4Þ

Inserting Eq. (B.4) into Eq. (B.2) and noticing that G0 = D(b0) ⋅ M0,
we derive that

D b0ð Þ � μΔM ¼ ΔbT � ∂D∂b

 �

� Mmeas� 
: ðB:5Þ

According to Eq. (B.5), we further obtain

μΔM ¼ D b0ð Þ½ �þ � ΔbT � ∂D∂b

 �

� Mmeas� 
: ðB:6Þ

Since the true value b0 of b is usually unknown, the polarimetric
matrix D(b0) will be also unknown. We use Eq. (B.4) to approximate
D(b0). By inserting Eq. (B.4) into Eq. (B.6), we derive that

μΔM ¼ D b�� �þ ΔbT � ∂D∂b
� 	þ

� ΔbT � ∂D∂b

 �

� Mmeas� 
: ðB:7Þ

Appendix C. List of important symbols

al lth element of a
a L-dimensional vector consisting of L fixed parameters that are

input into the optical model
a0 true value of a
a∗ a priori value of a during grating reconstruction
Δa difference between a0 and a∗ as defined by Δa = a0 − a∗

b system-dependent vector with elements being the transmis-
sion axis angles of the polarizer P and analyzer A, the fast axis
angles CS1 and CS2 and the phase retardances δ1 and δ2 of the
two compensators etc., i.e., b = [P, A, CS1, CS2, δ1, δ2, …]T

b0 true value of b
b∗ calibrated value of b
Δb difference between b0 and b∗ as defined by Δb = b0 − b∗

C(⋅) covariance matrix of the corresponding vector
D(b) K × 16 polarimetric matrix as a function of b
gk kth element of Gmeas

Gmeas K-dimensional flux vector measured by the detector and
expressed by Gmeas = G0 + εΔG

G0 true value of Gmeas

Ja N × L Jacobian matrix with respect to a
Jx N × M Jacobian matrix with respect to x
Mmeas N-dimensional vector consisting of N measured Mueller

matrix elements of the grating sample as expressed by
Mmeas = M0 + εΔM + μΔM

M0 true value of Mmeas

Mcalc(x,a) N-dimensional vector consisting of N calculated Mueller
matrix elements of the grating sample with respect to x and a
rM residual signature induced by the simplified characterization
of the grating sample and defined by rM =M0 −Mcalc(x0,a0)

u(⋅) estimated uncertainty in the corresponding variable
W N × N positive definite weighting matrix
xm mth element of x
x M-dimensional vector consisting of M structural parameters

under measurement
x0 true value of x
x̂ optimal estimation of x achieved by solving the inverse diffrac-

tion problem and expressed by x̂ ¼ x0 þ εΔx þ μΔx
εi ith coefficient of the noise model with i = 0, 1, 2, 3
εΔG measurement noise in Gmeas

εΔM random error in Mmeas

εΔx random error in x̂
σ2(⋅) variance of the corresponding variable
σ(⋅) standard deviation of the corresponding variable
μΔM systematic error in Mmeas

μΔx systematic error in x̂
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