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We present a level set solution to the stress-based structural shape and topology optimization. First, a
novel global measure of stress is proposed, and the optimization problem is formulated to minimize
the global measure of stress subject to a constraint of material volume. In order to solve this optimization
problem, the level set method is employed. The finite element analysis is accomplished by modifying a
fixed background mesh, and the artificial weak material that is conventionally used in the level set
method to mimic void is avoided in the present work.
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1. Introduction

Stress is a significant design criterion in practical engineering
applications. The stress-based shape and topology optimization is
a challenging problem and has been extensively studied during
the past decades.

Zienkiewicz and Campbell [1] pioneered to apply finite element
method to shape optimization, and Francavilla et al. [2] applied the
shape optimization to minimize stress concentration. Various
stress-based functions for shape optimization, such as the maxi-
mum von Mises stress and stress leveling, were proposed. Readers
are referred to [3,4] and the references therein for a review of the
stress-based shape optimization.

Since the seminal work of the homogenization based method by
Bendsøe and Kikuchi [5] and the SIMP (solid isotropic microstruc-
ture with penalization) method by Bendsøe [6], structural topology
optimization has become an effective tool for obtaining efficient
structures, and much effort has been made for the stress based
topology optimization. Yang and Chen [7] proposed a weighted
combination of compliance and p-norm of stress as the objective
function. A topology optimization problem that takes local stresses
as constraints was proposed by Duysinx and Bendsøe [8] and was
solved by the SIMP method. Allaire et al. [9] employed the homog-
enization method to minimize a global measure of stress of struc-
tures constituted by sequential laminated composites. Using the
SIMP method, Pereira et al. [10] studied the topology optimization
with material failure constraints. Bruggi and Venini [11] proposed
to use a mixed finite element method to compute the stress for the
stress-constrained topology optimization, which is more accurate
ll rights reserved.
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than displacement-based finite element methods. Also using the
SIMP method, Parı́s et al. [12,13] studied the weight minimization
problems with global or local stress constraints, in which the glo-
bal stress constraints are defined by the Kreisselmeier–Steinhauser
function. Le et al. [14] employed the SIMP method, a SIMP-moti-
vated stress definition, p-norm, normalized global stress measure,
and regional stress measure to solve the stress-constrained topol-
ogy optimization.

Svanberg and Werme [15] applied the linear mixed 0–1 model
and sequential integer programming method for the stress
constrained topology optimization. Li et al. [16] studied the ESO
(evolutionary structural optimization) method for stressed mini-
mization. Amstutz and Novotny [17] studied the topological deriv-
ative method for the topology optimization with a stress-based
objective function constructed by combination of material volume,
compliance, and the p-norm of von Mises stress. A level set based
method is proposed by Allaire and Jouve [18] to minimize a do-
main integral of stress subject to material volume constraint. Using
X-FEM and level set, Miegroet and Duysinx [19] studied the shape
optimization for minimizing stress concentration.

The stress-based shape and topology optimization problems are
challenging because there exist much numerical difficulties in
solving such problems. The major reason of such difficulties lies
in the fact that the stress is a local identity. In other word, the
stress at each point in a continuum structure should be ensured
to be smaller than an admissible stress. However, when local stres-
ses are treated as constraints in the optimization, there will be a
big number of constraints, and the computational costs of sensitiv-
ity analysis of such constraints, whether it is treated by the direct
method or the adjoint method, will be huge. Therefore, a constraint
selection strategy was proposed by Duysinx and Bendsøe [8]. As
the result, only the potentially active stress constraints are consid-
ered during the optimization, thus saving the computational costs
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for sensitivity analysis of inactive constraints. Another effective
way to reduce the computational costs is to use a global measures
of stress in the stress-based topology optimization. However,
although a global approach alleviates the computational costs, it
turns out to be difficult to control peak stress or stress concentra-
tion. To deal with this difficulty, people employed the p-norm, p-
mean, and Kreisselmeier–Steinhauser (K–S) function as the global
measure. Generally, big p is taken for the p-norm or p-mean, or
big penalty parameter is taken for the K–S function [7,12], to make
the peak stress play a prominent role during the course of optimi-
zation. In such cases, however, convergence oscillation and numer-
ical overflow may arise [20].

In view of the above-mentioned numerical difficulties, we de-
fine a novel global measure of stress in the present study. One part
of the global measure is an integral of a power function of the von
Mises stress, and the other part is a penalty of the von Mises stress
that is bigger than a prescribed threshold. The optimization prob-
lem is formulated to minimize the global measure of stress subject
to a constraint of material volume, and the level set based method
[21–25] is employed to solve the optimization problem.

Conventionally, in the level set based method an Eulerian meth-
od employing a fixed mesh and ersatz material is used for the finite
element analysis (FEA). According to this method, instead of per-
forming FEA for the structure X, one performs FEA on a reference
domain D that includes the structure, i.e., X � D, with the void
DnX being mimicked by an artificial weak material. However, this
approach of FEA is not accurate enough for the stress-based topol-
ogy optimization and gives rise to several delicate numerical issues
that are described as follows.

Let us consider two structures that have the same geometry, the
same boundary conditions, and the same loading conditions, but
different Young’s modulus of the material, for instance E and
E � 10�3. It can be readily found out that the stresses are exactly
the same in the two structures. Therefore, if one uses artificial
weak material to mimic void but defines the global measure of
stress only for solid material, there may be a trivial solution of
the optimization problem, i.e., the reference domain filled with
the artificial weak material. This phenomenon was also described
in Ref. [14]. On the other hand, if one defines the global measure
of stress for both solid and artificial weak material, one needs to
redefine the stress for the artificial weak material. For example, un-
der the same strain, redefine the stress of the artificial weak mate-
rial to be bigger than that of the solid material. However, this will
be a delicate numerical issue. Therefore, in the present study, we
choose to eliminate the artificial weak material in the FEA.

Employing the level set based method and eliminating the
artificial weak material has another benefit for the stress-based
topology optimization, which is concerned with a well-known
numerical difficulty called the ‘‘singularity phenomenon’’ [26–
29]. The singularity phenomenon will arise when stresses are
modeled as design-depended constraints [29] in a topology
optimization problem. For instance, a stress constraint is design-
depended in the SIMP model, since it is valid only when the design
variable, i.e., the relative density, is nonzero (means that material
exists at that point) and should be eliminated from the optimiza-
tion problem when the relative density is zero or is at its lower
bound (means that material dose not exist at that point). The
consequence of the singularity phenomenon is that the optimal
solution becomes a singular point in the design space, and that
standard gradient based optimization algorithms are unable to
reach the singular point [26–29]. The reason of the singularity phe-
nomenon lies in the discontinuity of the admissible stress ra when
the design variable, for instance the relative density q in the SIMP
method, approaches zero [27]. In fact, ra should be positive infinity
for q = 0, but should be bounded for q > 0. In order to deal with the
singularity phenomenon, e-relaxation method [30] or its variants
[14,31] are often used. The key idea of these methods is to artifi-
cially define an admissible stress as a continuous function of the
design variable. One can see that the singularity phenomenon is
not due to the stress itself but due to the mathematical model of
the topology optimization problem. In other word, if stress con-
straints are not modeled as design-dependent, the singularity phe-
nomenon will not arise. We can see that when the stress-based
topology optimization is model by the level set based method,
the stress will not be design-dependent.

In view of the above-mentioned reasons, we take the level set
based method and a strict 0–1 model (i.e., there is no artificial
weak material that is conventionally used in the level set based
method to mimic void) for the stress-based topology optimization.
The paper is organized as follows. In Section 2 formulation of the
topology optimization problem is described. In Section 3 sensitiv-
ity analysis for the optimization problem is described. In Section
4 the level set method is briefly described, and issues related to
its application in topology optimization are discussed. Section 5
describes the finite element analysis. Section 6 gives numerical
examples and discussions. Section 7 concludes this paper.

2. Stress minimization problem

A shape X � Rd (d = 2 or 3) is an open bounded set occupied by
isotropic linear elastic solid material. The Lipschitz continuous
boundary of X consists of three disjoint parts

@X ¼ CD [ CN [ CH

where a Dirichlet boundary condition is imposed on CD, a Neumann
boundary condition on CN, and a homogeneous Neumann boundary
condition, i.e., traction free, on CH. In the present study, CH is the
only part subject to optimization and is free to move during the
course of optimization.

The displacement field u in X is the unique solution of the linear
elasticity system

�div rðuÞ ¼ f in X

u ¼ 0 on CD

rðuÞn ¼ t on CN

8><
>: ð1Þ

where r(u) = Ae(u) is the stress tensor; A describes the Hooke’s law;
e(u) is the strain tensor; f is the body force; t is the boundary trac-
tion force; n is the unit outward normal to the boundary.

The weak form of the linear elasticity system Eq. (1) is given by

aðu;vÞ ¼ ‘ðvÞ; 8 v 2 U ð2Þ

where U = {v 2 H1(X)djv = 0 on CD} is the space of kinematically
admissible displacement fields, and a(u,v) and ‘ (v) are defined
as

aðu;vÞ ¼
Z

X
AeðuÞ � eðvÞdx

‘ðvÞ ¼
Z

X
f vdxþ

Z
CN

gvds
ð3Þ

The optimization problem of the present work is to minimize a
global measure of von Mises stress subject to a constraint of mate-
rial volume, which is given by

min J ¼
R

X gðrvÞða1 þ a2Hðrv � �rÞÞdx

s:t: aðu;vÞ ¼ ‘ðu;vÞ;8v 2 U

V � V 6 0
ð4Þ

where V ¼
R

X dx is the volume of structure, and V is the limit of
volume.
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The function g in the objective function can be any monotoni-
cally increasing function, and in the present study we employ the
power function given by

gðrvÞ ¼ rp
v ð5Þ

where p is a positive integer and is a parameter specified before the
optimization. rv is the von Mises stress, and in 2D it is given by

rv ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2

xx þ r2
yy � rxxryy þ 3r2

xy

q
ð6Þ

The function H in the objective function is the Heaviside function,
and in practical numerical implementation it is usually approxi-
mated by continuous functions. In the present study, the approxi-
mate Heaviside function is defined as

HðxÞ ¼
0; x < �D
3
4

x
D� x3

3D3

� �
þ 1

2 ; �D 6 x < D

1; x P D

8><
>: ð7Þ

The derivative of the Heaviside function is the Dirac function that is
given by

dðxÞ ¼
3

4D 1� x2

D2

� �
; jxj 6 D

0; jxj > D

(
ð8Þ

It can be seen that the approximate Heaviside function is differen-
tiable, and its derivative is continuous, i.e., H 2 C1. The r in the
objective function is a parameter specified before optimization. In
fact, it is a threshold of von Mises stress above which the stress is
penalized, and the parameters a1 and a2 control the weight of
penalization. This penalization is very important for controlling
peak stress in the stress-based shape and topology optimization
since it makes peak stress play a prominent role during the course
of optimization. Fig. 1 shows the plots of the approximate Heaviside
function Hðrv � �rÞ and the approximate Dirac function dðrv � �rÞ
with �r ¼ 20 and different value of D. From Fig. 1, one can see that
when D increases, the band of transition becomes wider and
smoother.

3. Sensitivity analysis

In order to solve the optimization problem via a gradient based
method, with the free boundary of a shape constituting the design
variable, it is required to find the effect of boundary shape varia-
tion on the variations of functions. In this section we describe
Fig. 1. The approximate Heaviside funct
the sensitivity analysis for the stress minimization problem. The
material derivative [32,33] and the adjoint method are employed.

The Lagrangian is defined as

L ¼ J þ aðu;wÞ � ‘ðwÞ þ k
Z

X
dx� V

� �
ð9Þ

where w 2 U is a Lagrange multiplier for the equation of linear elas-
ticity system Eq. (2), k is a Lagrange multiplier for the constraint of
material volume.

The material derivative of the Lagrangian is given by

L0 ¼ J0 þ a0ðu;wÞ � ‘0ðwÞ þ k
Z

X
Vnds ð10Þ

where the material derivatives J0 is given by

J0 ¼
Z

X
g0ðrvÞða1 þ a2Hðrv � �rÞÞdxþ

Z
X
a2gðrvÞH0ðrv � �rÞdx

þ
Z
@X

gðrvÞða1 þ a2Hðrv � �rÞÞVnds ð11Þ

where the derivative g0 and H0 are given by

g0ðrvÞ ¼
@g
@rv

@rv

@rij
rijðu0Þ

H0ðrv � �rÞ ¼ dðrv � �rÞ @rv

@rij
rijðu0Þ

ð12Þ

where

@rv

@rij
rijðu0Þ ¼

1
2rv
½2rxx � ryy;2ryy � rxx;6rxy�rðu0Þ ð13Þ

The derivative a0(u,w) and ‘0(w) are given by

a0ðu;wÞ¼
Z

X
Aeðu0Þ �eðwÞdxþ

Z
X

AeðuÞ�eðw0Þdxþ
Z
@X

AeðuÞ�eðwÞVnds

ð14Þ

‘0ðwÞ¼
Z

X
fw0dxþ

Z
@X

fwVndsþ
Z

CN

tw0dsþ
Z

CN

ðrðtwÞT nþjtwÞVnds

ð15Þ

Substitute Eqs. (11)–(15) into Eq. (10), we obtain the material
derivative of the Lagrangian. Collecting all the terms that contain
w0 in L0 and letting the sum of these terms to be zero, we recover
the weak form of the state equation, that isZ

X
AeðuÞ � eðw0Þdx ¼

Z
X

fw0dxþ
Z

CN

tw0ds; 8w0 2 U
ion and Dirac function with �r ¼ 20.
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Collecting all the terms that contain u0, and letting the sum of these
terms to be zero, we obtain the adjoint equation, that isZ

X
Aeðu0Þ � eðwÞdx ¼ �

Z
X

@g
@rv

a1 þ a2Hðrv � �rÞð Þ
�

þ a2gðrvÞdðrv � �rÞ
�
@rv

@rij
rijðu0Þdx; 8u0 2 U

ð16Þ

Finally, collecting all the terms that contain Vn, assuming there
exists no body force, i.e., f = 0, and noticing that only CH subjects to
optimization, we obtain the shape derivative of the Lagrangian

L0 ¼
Z

CH

GVnds; G ¼ gðrvÞða1 þ a2Hðrv � �rÞÞ þ AeðuÞ � eðwÞ þ k

ð17Þ

where G is called the shape gradient density.
During optimization, the Lagrange multiplier k is updated

according to the augmented Lagrange multiplier method by

kkþ1 ¼max 0; kk þ 1
l
ðVk � VÞ

� �
ð18Þ

The benefit of augmented Lagrangian multiplier method is that the
Lagrangian multiplier can be iteratively updated so that one can ob-
tain a reasonable estimate of exact Lagrange multiplier [34]. In
other words, the volume of material of the structure can be driven
to be very close to that prescribed in the problem formulation even
when l is not sufficiently close to zero.

According to Eq. (17), we can readily obtain a descent direction
for the optimization problem. In the simplest form, it amounts to
choose the steepest descent direction, which can be obtained by
setting

VnðxÞ ¼ �GðxÞ; 8x 2 CH ð19Þ

It can be seen that such Vn will yield L0 ¼ �
R

CH
G2ds 6 0 which im-

plies the descent of the Lagrangian.
However, it is well known that the steepest descent method is

not so efficient in the family of optimization algorithms. In order
to speed up the convergence of the optimization, a conjugate map-
ping [35,36] of the velocity Vn is used in the present work. First, Vn

is normalized by the maximum value of jVnj, then a mapping given
in the following is applied.

FðxÞ ¼ xeð1�jxjÞ ð20Þ

The key idea of the conjugate mapping is to increase the difference
of the velocity along the free boundary while keeping the objective
function to descent. This is particularly useful in the stress-based
topology optimization since there may exist peak stress, and the
velocity at the point of peak stress may be much bigger than that
at the other points on the free boundary.

4. The level set method

Level set is a method to represent and track moving boundary,
and more importantly, it is transparent to topological changes,
which is significant for topology optimization. With such transpar-
ent treatment of topological change the difficult topology optimi-
zation problem can be transformed to a relatively easier shape
optimization problem. The level set method was first introduced
to structural shape and topology optimization by Sethian and
Wiegmann [21], and it has caught much attention since the semi-
nal papers [22–25].

The boundary of a shape X is nonintersecting, Lipschitz-
continuous and represented implicitly through a Lipschitz-
continuous level set function U(x) as its zero isosurface or zero
level set, i.e., fx 2 RdjUðxÞ ¼ 0g (d = 2 or 3), and U(x) can be used
to define the inside and outside regions with respect to the bound-
ary as follows

UðxÞ ¼ 0() 8x 2 @X \ D

UðxÞ < 0() 8x 2 X

UðxÞ > 0() 8x 2 ðDnXÞ

where D is a fixed domain in which all admissible shapes X are in-
cluded, i.e. X � D. In the level set method, the scalar function U can
be specified in any specific form, and it is often described in a dis-
crete counterpart. In most cases U is specified by a regular sampling
on a rectilinear grid and constructed to be a signed distance func-
tion to the boundary. With such a signed distance function
(jrUj � 1), many geometric properties of the boundary can be
readily expressed, for instance the unit outward normal n of the
boundary is given by n =rU.

Propagation of the Neumann boundary of a structure during the
course of optimization is described by the Hamilton–Jacobi
equation:

@U
@t
þ Vn ¼ 0 ð21Þ

The design velocity Vn is an important link between the level set
method and an optimization algorithm [25]. During the course of
optimization, variation of boundary shape that improves the cur-
rent design is obtained as a result of shape sensitivity analysis.
The boundary variation is then treated as an advection velocity in
the Hamilton–Jacobi equation for updating the boundary of a
structure. In other words, an optimization algorithm gives the de-
sired variation of the free boundary, while the Hamilton–Jacobi
equation performs the variation. The level set based shape and
topology optimization method is a boundary variation method that
essentially maintains the 0–1 nature of topology optimization [37].

An important property of the Hamilton–Jacobi equation Eq. (21)
is that it satisfies the maximum principle, and as a result voids can
not be nucleated in the interior of a structure [24]. This makes the
level set based topology optimization, especially in 2D, be sensitive
to initial design [24]. To overcome this dependence much effort has
been made to incorporate the topological derivative [38] into the
level set based method [39–41]. The situation is slightly different
in 3D in that although a new void cannot be nucleated right in
the interior of a structure, a hole can be ‘‘tunneled’’ through the
material region in between two pieces of boundary [42]. Therefore,
as compared to the situation in 2D, the level set based optimization
in 3D is topologically more flexible and less sensitive to the initial
design. In our present study we use the conventional level set
method without using the topological derivative.

It should be noted that in the level set based method the design
velocity Vn defined on the traction free CH must be extended to the
entire reference domain D or a narrow band around CH [43,44].
Conventionally, in the level set based method for topology optimi-
zation, a fixed mesh is used for the finite element analysis, and
voids (DnX) are mimicked by artificial weak material,therefore
the design velocity can be naturally extended to the entire refer-
ence domain D as Ve

n ¼ Vn;8x 2 D. In the present work, however,
since we do not use artificial weak material but modify a fixed
background mesh for the finite element analysis, the above-
mentioned natural extension of velocity is no longer valid. There-
fore, the PDE based method for velocity extension [45] is used in
the present study.

The Hamilton–Jacobi equation Eq. (21) is a hyperbolic type of
PDE [43,44]. A variety of spatial and time discretization schemes
were devised to solve this type of PDE. In the present study, the
first order upwind spatial differencing and forward Euler time dif-
ferencing are utilized. Finally, since the level set function U often



Fig. 2. An example of the modification of a background mesh.

Q. Xia et al. / Computers and Structures 90–91 (2012) 55–64 59
becomes too flat or too steep during the optimization that leads to
accumulating numerical errors, a reinitialization procedure is peri-
odically performed to restore U to a signed distance function to the
traction free boundary, i.e., to restore jrUj = 1. More details of the
numerical computations of level set can be found in [43,44].
Fig. 3. Design problem of a L-shape beam.

Fig. 4. Initial design of the L-shape beam and map of the von Mises stress.
5. Finite element analysis

Conventionally, an Eulerian method employing a fixed mesh
and ersatz material is used for the finite element analysis in the le-
vel set based method of topology optimization. In this method, in-
stead of solving the linear elasticity system on X, one solves it on
the entire reference domain D with the void DnX being mimicked
by an artificial weak material. The material properties of the artifi-
cial weak material are tailored so that the results of the finite ele-
ment analysis obtained on the entire reference domain D be
consistent to that which would be obtained on X. However, in
the present study of stress-based topology optimization of contin-
uum structures, the Eulerian method is not accurate enough, and
we choose to do the finite element analysis by modifying a fixed
background mesh and do not use artificial weak material. The rea-
son for choosing such a FEA method is twofold and was explained
in Section 1.

Before the optimization, we setup a background triangle mesh
for the reference domain D. In each iteration of the optimization,
modification of the fixed background mesh is performed to obtain
a mesh that is conformal to the geometry of the structure. The
modification is divided into several steps.

1. Find the edges of the background mesh that are cut by the
free boundary of the structure. Then, compute all the inter-
secting points and obtain a point set P0.

2. Find the nodal points of the background mesh that are
within the region of the structure X and obtain a point set P1.

3. Setup a point set P that comprises P0 and P1, and triangulate
the points of the set P using the Delaunay triangulation
algorithm.

4. Delete the triangles whose centroid are out of X or out of D,
and delete unused node points.

5. Adjusting the node point positions of the mesh to obtain bet-
ter quality of mesh.

A simple example of the modification of the background mesh is
shown in Fig. 2. If one amplifies Fig. 2(b), one can see that the cir-
cular boundary of the structure is actually represented by many
line segments, and that the slope of these line segments are not
continuous. This may lead to weak stress singularity at the points
of slope discontinuity. Such situation is well-known in shape
optimization. In the early studies of shape optimization, position
of the nodes of finite element mesh were taken as the design vari-
ables [1,2], but such approach gives rise to zigzag boundary as de-
scribed by Braibant and Fleury [46], hence they proposed to use
smooth parameterized curve, for instance the B-splines, to repre-
sent the boundary. Various techniques of boundary parametriza-
tion for shape optimization were reviewed by Haftka and
Grandhi [47] and by Ding [3]. In our present work, there indeed ex-
ists discontinuity of slope along the boundary, but it will not result
in zig–zag boundary, because that the numerical viscocity in the
solution of the Hamilton–Jacobi equation damps kinks along the
boundary [48].

Using the above-mentioned FEA method in topology optimiza-
tion, floating regions in the reference domain may arise during
the optimization. One needs to be careful with such floating re-
gions when solving the adjoint equation Eq. (16), because the
von Mises stress in such regions is zero and leads to zero denom-
inator in Eq. (13). Such floating regions are not considered when
solving the adjoint equation.



Fig. 5. Results of compliance optimization.

Fig. 6. Results of stress optimization ða1 ¼ 1;a2 ¼ 10; p ¼ 2; �r ¼ 55;D ¼ 5Þ.

Fig. 8. Finite element mesh around the inner corner of the stress design.
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6. Numerical examples

In this section the proposed level set based method is applied to
several examples in two dimensions, although there exists no con-
ceptual difficulty to do the numerical examples in three dimen-
Fig. 7. Intermediate results
sions. In these examples, it is assumed that the solid material has
a Young’s modulus E = 1 and Poisson’s ratio m = 0.3. For all the
examples, the plane stress state is assumed, and linear triangle fi-
nite element is used. Moreover, the high stresses in the vicinity
around the point where a support or a concentrated load is applied
are not considered in the global measure of stress.

6.1. A L-shape beam

The optimal design problem of a L-shape beam is shown in
Fig. 3. A unit vertical concentrated load t = 1 N is applied at the
middle point of the right side. The initial design and the map of
von Mises stress are shown in Fig. 4. Note that in all the stress plot,
the stresses in the vicinity around the point where a concentrated
of stress optimization.
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load is applied is artificially set to zero. There are 21979 linear tri-
angle elements in the background mesh for the L-shaped reference
domain.

First, to provide a reference for the stress-based topology opti-
mization, a compliance-based topology optimization is solved. In
this optimization, the compliance is minimized subject to a volume
constraint that the volume of material should not be bigger than
50% of the reference domain. The results are shown in Fig. 5, and
one can see that there is stress concentration at the inner corner
of the compliance design. The maximal von Mises stress is more
than 70.

Second, the proposed global measure of von Mises stress, with
the parameters being set as a1 ¼ 1;a2 ¼ 10; p ¼ 2; �r ¼ 55;D ¼ 5,
is minimized subject to the same volume constraint. The results
are shown in Fig. 6. The maximal von Mises stress is 58. Comparing
the stress design and compliance design, one can see that the two
designs are quite different, particularly at the inner corner. The
intermediate results of optimization are shown in Fig. 7. The finite
element mesh around the inner corner is shown in Fig. 8. Finally,
Fig. 10. Results of stress optimization (a1 = 1, a2 = 0, p = 2).
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Fig. 11. Design problem of another L-shape beam.
the convergence history is shown in Fig. 9, and one can see that
the convergence is smooth.

In the proposed global measure of von Mises stress, there are
five parameters, i.e., a1;a2; p; �r, and D that need to be specified be-
fore optimization and have significant effects on the results. First, if
a2 = 0, the global measure is just

R
X rp

v dx which is similar to the p-
norm or p-mean, and big p is needed to control the peak stress at
the inner corner (for instance, readers are referred to the numerical
examples in [9,14]). Second, if a1 = 0 and D is not too big, for
example a1 ¼ 0;a2 ¼ 1; p ¼ 2; �r ¼ 55;D ¼ 5, the measure

R
X r2

vH
ðrv � 55Þ dx is actually not a global measure, since it considers
only the von Mises stress that is bigger than �r� D ¼ 50. In this
case, during the optimization the boundary around the inner cor-
ner is smoothed but the other parts of the free boundary are not
optimized properly. Third, the parameter �r is a threshold of von
Mises stress, and the penalty of stress is gradually increase from
0 for rv 6 �r� D to a2 for rv P �rþ D. According to our experience,
�r should not be too small for obtaining effective control over the
peak stress. In an extreme case that �r ¼ 0, the global measure is
Fig. 12. Initial design of another L-shape beam and map of the von Mises stress.

Fig. 13. Results of stress optimization ða1 ¼ 1;a2 ¼ 20; p ¼ 2; �r ¼ 55;D ¼ 5Þ.



0 100 200 300 400 500 600 700 800
0

200

400

600

800

1000

1200

1400

ob
je

ct
iv

e 
fu

nc
tio

n

0 100 200 300 400 500 600 700 800
0.45

0.5

0.55

0.6

0.65

0.7

0.75

0.8

vo
lu

m
e 

ra
tio

objective function
volume ratio

Fig. 14. Convergence history of stress minimization.

Fig. 15. Results of stress optimization (a1 = 1, a2 = 0, p = 2).
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Fig. 16. Design problem of a Michell structure.
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nearly equivalent to the p-norm, and it cannot effectively control
the peak stress. Finally, the parameter D controls the width of tran-
sition band of the Heaviside function, and it affects the smoothness
of the convergence of the stress-based optimization. When D is too
small, the convergence becomes oscillatory, due to the abrupt
change of penalty of stress from point to another point in the struc-
ture. In other word, if the parameter D is sufficiently large, one
Fig. 17. Initial design of a Michell structu
obtains a penalty that changes smoothly in a neighborhood around
a point of peak stress. However, D should not be too big, otherwise
the global measure will be nearly equivalent to the p-norm, and it
cannot effectively control the peak stress. To conclude, the five
parameters give flexible control of the peak stress and the conver-
gence of optimization. The drawback is that the value of the five
parameters needs to be specified by the designer and cannot be
automatically adapted during the optimization. In particular, if �r
can be gradually reduced during the optimization, it will be useful
for stress constrained optimization.

In order to verify the effect of the penalty term in the global
measure, the proposed global measure with the parameters being
set as a1 = 1, a2 = 0, p = 2, i.e.,

R
X r2

vdx, is minimized subject to the
same volume constraint. The results are shown in Fig. 10. As we
can see, there is stress concentration at the inner corner. The max-
imal von Mises stress is 86. Therefore, without the penalty term
the global measure with a small p = 2 is not able to control the peak
stress.

In the literature, another design problem of the L-shaped beam,
shown in Fig. 11 is also often considered. In this design problem,
the concentrated load is applied at the tip of the right side of the
beam. The initial design and the map of von Mises stress are shown
in Fig. 12. Note that in all the stress plot, the stresses in the vicinity
around the point where the concentrated load is applied is artifi-
cially set to zero. The maximal von Mises stress of the initial design
is 123. The proposed global measure of von Mises stress, with the
parameters being set as a1 ¼ 1;a2 ¼ 20; p ¼ 2; �r ¼ 55;D ¼ 5, is
minimized subject to a volume constraint that the volume of mate-
rial should not be bigger than 50% of the reference domain. The re-
sults are shown in Fig. 13. The maximal von Mises stress is 57. One
can see that the boundary at the inner corner is smooth. The con-
vergence history is shown in Fig. 14. In order to verify the effect of
the penalty term in the global measure, the proposed global mea-
sure with the parameters being set as a1 = 1, a2 = 0, p = 2, i.e.,R

X r2
vdx, is minimized subject to the same volume constraint. The

results are shown in Fig. 15. As we can see, there is stress concen-
tration at the inner corner. The maximal von Mises stress is 87.
re and map of the von Mises stress.
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Therefore, without the penalty term the global measure with a
small p = 2 is not able to control the peak stress.

6.2. A Michell structure

The optimal design problem of a Michell structure is shown in
Fig. 16. A unit vertical point load t = 1 N is applied at the middle
point of the bottom side. The initial design and the map of von
Mises stress are shown in Fig. 17. Note that in all the stress plot,
the stresses in the vicinity around the point where a concentrated
load is applied and around the support is artificially set to zero.
Due to the symmetry of the boundary and loading conditions,
the finite element analysis is done for only a half of the reference
domain. There are 17216 linear triangle elements in the back-
ground mesh for a half of the design domain.

The proposed global measure of von Mises stress, with the
parameters being set as a1 ¼ 1;a2 ¼ 10; p ¼ 2; �r ¼ 10;D ¼ 5, is
minimized subject to a volume constraint that the volume of mate-
rial should not be bigger than 30% of the reference domain. The re-
sults are shown in Fig. 18. The maximal von Mises stress is 9. The
convergence history is shown in Fig. 19. Moreover, to provide a ref-
erence for the stress-based topology optimization, a compliance-
based topology optimization is solved. In this optimization, the
Fig. 18. Results of stress optimization ða
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Fig. 20. Results of comp
compliance is minimized subject to the same volume constraint.
The results are shown in Fig. 20. The maximal von Mises stress is 9.

One can see that for the Michell structure, the stress design and
the compliance design are almost the same. It was shown by
Pedersen [49] that the stiffness design is also the strongest design
so long as geometric constraint is not active. In fact, in the numer-
ical example of the L-shape beam, the reference domain D is indeed
a geometric constraint, since the free boundary of the optimal stiff-
ness design or the compliance design adjoint the boundary of the
reference domain. Therefore, for the L-shape example, the stiffness
design is quite different from the strongest design or the stress de-
sign. As for the current example of the Michell structure, the free
boundary of both the compliance design and stress design do not
adjoint the boundary of the reference domain, and the two designs
are almost the same.

Besides the above-mentioned geometric constraint, there also
exist other important reasons for the differences between the
resulting designs of a stress-based optimization and a compliance-
based optimization. Duysinx et al. [50] demonstrated by numerical
examples that when stress limits are unequal in tension and
compression or when multiple load cases are considered, the results
of a compliance-based optimization and a stress-based optimization
may be quite different. Therefore, the authors [50] pointed out that it
1 ¼ 1;a2 ¼ 10;p ¼ 2; �r ¼ 10;D ¼ 5Þ.
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is important to consider stress as early as possible in the design
process, for example considering stress in the phase of the topology
optimization based concept design.

7. Conclusion

In this paper, we presented a level set solution to the stress-
based shape and topology optimization. A novel global measure
of stress is proposed for the stress-based structural shape and
topology optimization. The level set method is employed to solve
the optimization problem. The shape sensitivity analysis is per-
formed via the material derivative method. The finite element
analysis is accomplished by modifying a fixed background mesh,
and the artificial weak material that is conventionally used in the
level set method to mimic void is avoided in the present work.
Application of the method is demonstrated by several numerical
examples of 2D structures. As we can see, the peak stress can be
effectively controlled during the optimization and the convergence
of the optimization is smooth.
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