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Fast Evaluation of Aberration-Induced Intensity Distribution in Partially
Coherent Imaging Systems by Cross Triple Correlation *
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We propose a method suitable for the fast calculation and evaluation of aberration-induced intensity distribution
in partially coherent imaging systems, such as projection lithographic tools. The method is based on transmission
cross coefficient (TCC) decomposition by a general operator, namely cross triple correlation (CTC). By expanding
the aberrated pupil function into a Taylor series, the TCC is decomposed into different terms. Each term is
further represented as a weighted sum of several CTCs. By exploring the properties of CTC, the aerial image
intensity induced by wavefront aberration is calculated quickly and separated clearly from that without aberration.
Simulation results and discussion are presented.
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With ever decreasing feature sizes, the impact of
lens aberration has become increasingly important
for imaging quality control of projection lithographic
tools.[1−4] The imaging optics configuration in litho-
graphic tools is typically a partially coherent sys-
tem characterized by the intensity distribution of the
source and the pupil function of the projection lens.
Imaging properties of such partially coherent systems
have to be described using a bilinear model,[5] which
leads to time-consuming calculations and understand-
ing difficulties,[6,7] especially in cases where wavefront
aberrations are involved. Recently we proposed a fast
algorithm for the quadratic aberration model in op-
tical lithography.[8] Although this approach adopts a
mathematical operator to achieve the fast calculation
of aberration-induced intensity distributions, this ap-
proach is not suitable for optical lithography simula-
tions under a relatively large amount of arbitrary in-
put aberrations, as the quadratic model is a simplified
imaging model on the assumption of a small amount
of aberrations in the projection lens. Therefore, it is
highly desirable to develop a more generalized method
suitable for fast calculation, clear separation and ef-
ficient evaluation of aberration-induced intensity dis-
tributions in partially coherent imaging systems.[9]

In this Letter, we propose a method with rigor-
ous formulations that can be suitable for the fast
evaluation of aberration-induced intensity distribution
in partially coherent imaging systems. The proposed
method is especially suitable for arbitrary input aber-
rations and is based on a general operator, namely
cross triple correlation (CTC), which is defined as[10]

𝐶𝐾𝐿𝑀 (𝑓1,𝑓2) =

∫︁
𝐾(𝑓)𝐿(𝑓 + 𝑓1)𝑀(𝑓 + 𝑓2)𝑑𝑓 ,

(1)
where 𝐾(𝑓), 𝐿(𝑓), and 𝑀(𝑓) are three different func-
tions. Variables 𝑓 , 𝑓1 and 𝑓2 can be any real scalars

for a one-dimensional signal, but through this study
they are two-dimensional real vectors representing the
normalized spatial-frequency pupil coordinates. Most
of the physical functions required for the analysis of
lithographic systems have a compact support and the
integration can be treated over the whole space of 𝑓 .

A well-established bilinear model for partially
coherent systems is based on the Hopkins theory
with the concept of the transmission cross coefficient
(TCC), which is expressed as[11]

𝑇 (𝑓1,𝑓2) =

∫︁
𝑆(𝑓)𝐻(𝑓 + 𝑓1)𝐻

*(𝑓 + 𝑓2)𝑑𝑓 , (2)

where 𝑆(𝑓) is the effective source function and 𝐻(f)
is the pupil function given by

𝐻(𝑓) = 𝑃 (𝑓) exp[−𝑖𝑘𝑊 (𝑓)]. (3)

Here 𝑃 (𝑓) = circ(𝑓) is the unaberrated pupil func-
tion, 𝑘 = 2𝜋/𝜆 is the wave number; 𝜆 is the wave-
length of the monochromatic light source, and 𝑊 (𝑓)
is the aberrated wavefront including the lens aberra-
tion and the defocus aberration.[4] The image intensity
at a space point 𝑥 is then written in terms of the pairs
of spatial-frequencies of the object spectra 𝑂(𝑓1) and
𝑂(𝑓2):[11]

𝐼(𝑥) =

∫︁∫︁
𝑂(𝑓1)𝑂

*(𝑓2)𝑇 (𝑓1,𝑓2)

· exp[−2𝜋𝑖(𝑓1 − 𝑓2) · 𝑥]𝑑𝑓1𝑑𝑓2. (4)

It is interesting to note that the expression of the TCC
in Eq. (2) is quite similar to the general operator CTC
in Eq. (1), with the difference that the last two func-
tions involved in the TCC are two conjugate pupils in-
stead of the two fully independent functions in CTC.
Therefore, the TCC can be considered a special case of
CTC, which involves shifting the pupil function and
its conjugation, and then multiplying by the source
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function. Substituting Eq. (3) into Eq. (2) and notic-
ing that 𝑃 (𝑓) = 𝑃 *(𝑓), the expression for TCC in the
case that a wavefront aberration 𝑊 (𝑓) is induced can
be written as

𝑇 (𝑓1,𝑓2) =

∫︁
𝑆(𝑓)𝑃 (𝑓 + 𝑓1)𝑃 (𝑓 + 𝑓2)

· exp{−𝑖𝑘[𝑊 (𝑓 + 𝑓1)−𝑊 (𝑓 + 𝑓2)]}𝑑𝑓 .
(5)

Note that the exponential function inside the integral
can be represented as an infinite Taylor series:

exp{−𝑖𝑘[𝑊 (𝑓 + 𝑓1)−𝑊 (𝑓 + 𝑓2)]}

=

∞∑︁
𝑛=0

(−𝑖𝑘)𝑛

𝑛!
[𝑊 (𝑓 + 𝑓1)−𝑊 (𝑓 + 𝑓2)]

𝑛, (6)

and each term of the Taylor series can be further ex-
panded by applying the binomial theorem:

[𝑊 (𝑓 + 𝑓1)−𝑊 (𝑓 + 𝑓2)]
𝑛

=

𝑛∑︁
𝑚=0

(−1)𝑛−𝑚𝑛!

𝑚!(𝑛−𝑚)!
[𝑊 (𝑓 + 𝑓1)]

𝑚[𝑊 (𝑓 + 𝑓2)]
𝑛−𝑚.

(7)

Therefore, the TCC in Eq. (5) can be decomposed into
different terms and each term can be further repre-
sented as a weighted sum of several CTCs:

𝑇 (𝑓1,𝑓2) =

∞∑︁
𝑛=0

𝑇𝑛(𝑓1,𝑓2), (8)

𝑇𝑛(𝑓1,𝑓2) = (𝑖𝑘)𝑛
𝑛∑︁

𝑚=0

(−1)𝑚

𝑚!(𝑛−𝑚)!
𝐶𝑛;𝑚,𝑛−𝑚(𝑓1,𝑓2),

(9)

where 𝐶𝑛;𝑚,𝑛−𝑚(𝑓1,𝑓2) is a special CTC with the fol-
lowing notation:

𝐶𝑛;𝑚,𝑛−𝑚(𝑓1,𝑓2) =

∫︁
𝑆(𝑓){𝑃 (𝑓 + 𝑓1)[𝑊 (𝑓 + 𝑓1)]

𝑚}

· {𝑃 (𝑓 + 𝑓2)[𝑊 (𝑓 + 𝑓2)]
𝑛−𝑚}𝑑𝑓 .

(10)

From these definitions, it is obvious that the first term
with 𝑛 = 0 in Eq. (8) represents the TCC without
aberration, thus we name it the unaberrated TCC.
All the other terms in Eq. (8) from 𝑛 = 1 to ∞ display
the influence of aberrations. We call them the linearly
aberrated TCC when 𝑛 = 1, the quadratically aber-
rated TCC when 𝑛 = 2, . . . ,. Consequently, the total
image intensity can be decomposed and represented
in the following formulations:

𝐼(𝑥) =

∞∑︁
𝑛=0

𝐼𝑛(𝑥), (11)

𝐼𝑛(𝑥) = (𝑖𝑘)𝑛
𝑛∑︁

𝑚=0

(−1)𝑚

𝑚!(𝑛−𝑚)!
𝐽𝑛;𝑚,𝑛−𝑚(𝑥), (12)

𝐽𝑛;𝑚,𝑛−𝑚(𝑥) =

∫︁∫︁
𝑂(𝑓1)𝑂

*(𝑓2)𝐶𝑛;𝑚,𝑛−𝑚(𝑓1,𝑓2)

· exp[−2𝜋𝑖(𝑓1 − 𝑓2) · 𝑥]𝑑𝑓1𝑑𝑓2,
(13)

where 𝐼0(𝑥) is called aberration-free intensity and
𝐼𝑛(𝑥) displays the aberration-induced intensity distri-
bution of the 𝑛th order (𝑛 from 1 to ∞). For instance,
𝐼1(𝑥), 𝐼2(𝑥) and 𝐼3(𝑥) indicate the linear, quadratic
and cubic terms of the aberration-induced intensity,
respectively. 𝐽𝑛;𝑚,𝑛−𝑚(𝑥) is the basic intensity com-
ponent which can be treated as a kernel for calculating
the corresponding aberration-induced intensity 𝐼𝑛(𝑥).

Although auto triple correlation (ATC), or briefly
triple correlation (TC), in which the correlated three
functions in Eq. (1) is the same, has been intensively
investigated and widely used in digital and optical sig-
nal processing,[10] CTC is much less explored. Here we
list some of the useful properties of the general CTC
defined in Eq. (1):

𝐶𝐾𝐿𝑀 (𝑥1,𝑥2) = �̂�(𝑥1)�̂�(𝑥2)�̂�(−𝑥1 − 𝑥2),
(14)

𝐶𝐾𝑀𝐿(𝑓2,𝑓1) = 𝐶𝐾𝐿𝑀 (𝑓1,𝑓2). (15)

The property in Eq. (14) where 𝐶𝐾𝐿𝑀 , �̂�, �̂� and
�̂� respectively represent the Fourier transforma-
tion of 𝐶𝐾𝐿𝑀 , 𝐾, 𝐿 and 𝑀 , can directly lead
to fast algorithms for the CTC calculation as the
time-consuming integration in Eq. (1) is avoided
and replaced by the simple multiplication of �̂�, �̂�
and �̂� . The property in Eq. (15) shows the con-
dition for function and variable commutation, in-
dicating that 𝐶𝐾𝐿𝑀 (𝑓2,𝑓1) ̸= 𝐶𝐾𝐿𝑀 (𝑓1,𝑓2) gen-
erally holds in the case 𝐿 ̸= 𝑀 . If we let
𝐴(𝑓1,𝑓2) = 𝐶𝑛;𝑚,𝑛−𝑚(𝑓1,𝑓2)+𝐶𝑛;𝑛−𝑚,𝑚(𝑓1,𝑓2) and
𝐵(𝑓1,𝑓2) = 𝑖[𝐶𝑛;𝑚,𝑛−𝑚(𝑓1,𝑓2) + 𝐶𝑛;𝑛−𝑚,𝑚(𝑓1,𝑓2)],
it can be derived from Eq. (10) that both 𝐴(𝑓1,𝑓2) and
𝐵(𝑓1,𝑓2) are Hermitian symmetric, i.e., 𝐴(𝑓1,𝑓2) =
𝐴*(𝑓2,𝑓1) and 𝐵(𝑓1,𝑓2) = 𝐵*(𝑓2,𝑓1). Apply-
ing this property and noticing the notations
in Eq. (13), it is observed that the calcula-
tion results of [𝐽𝑛;𝑚,𝑛−𝑚(𝑥) + 𝐽𝑛;𝑛−𝑚,𝑚(𝑥)] and
𝑖[𝐽𝑛;𝑚,𝑛−𝑚(𝑥)− 𝐽𝑛;𝑛−𝑚,𝑚(𝑥)] both are pure real val-
ues. Thus, the real and imaginary parts of the basic
intensity components 𝐽𝑛;𝑚,𝑛−𝑚(𝑥) and 𝐽𝑛;𝑛−𝑚,𝑚(𝑥)
satisfy the relationship

𝑅𝑒[𝐽𝑛;𝑚,𝑛−𝑚(𝑥)] = Re[𝐽𝑛;𝑛−𝑚,𝑚(𝑥)],

𝐼𝑚[𝐽𝑛;𝑚,𝑛−𝑚(𝑥)] = −Im[𝐽𝑛;𝑛−𝑚,𝑚(𝑥)].
(16)

Substituting Eq. (16) into Eq. (12), the aberration-
induced intensity distribution can be written as

𝐼𝑛(𝑥) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

(𝑖𝑘)𝑛
𝑛/2∑︀
𝑚=0

2·(−1)𝑚

𝑚!(𝑛−𝑚)!Re[𝐽𝑛;𝑚,𝑛−𝑚(𝑥)],

when 𝑛 = even,

𝑖𝑛+1𝑘𝑛
(𝑛−1)/2∑︀
𝑚=0

2·(−1)𝑚

𝑚!(𝑛−𝑚)! Im[𝐽𝑛;𝑚,𝑛−𝑚(𝑥)],

when 𝑛 = odd,
(17)
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From Eq. (17), it is observed that all the intensities
𝐼𝑛(𝑥) (𝑛 from 0 to ∞) are positive real values which
successfully accord with the natural behavior of the
light intensity propagation. It is also noted that the
newly developed formulations are a rigorous physi-

cal model which is generalized and suitable for arbi-
trary input aberrations. In fact, if we consider a small
amount of aberrations in the projection lens, Eq. (17)
will be simplified to the quadratic aberration model
reported by Ref. [8].
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Fig. 1. Representation of the linear aberrated TCC term 𝑇1(𝑓1,𝑓2) as a sum of weighted CTCs.
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Fig. 2. The relationship of the basic intensity components.

Figure 1 depicts an example of calculating CTCs
for the linearly aberrated TCC term 𝑇1(𝑓1,𝑓2). The
wavelength used in simulation is 193 nm with a fixed
numerical aperture (NA) of 0.75 and a defocus of
100 nm. The source 𝑆 is set to be a circular one with
a partial coherence of 0.7. An aberrated wavefront
shown in Fig. 3 is induced by setting the Zernike co-
efficients Z5 = 0.1𝜆 and 𝑍7 = 0.1𝜆, where the 𝑍5

and 𝑍7 indicate even type and odd type aberrations,
respectively.[12] Since each CTC and TCC are both
represented by four-dimensional matrices in Cartesian
coordinates (𝑓 , 𝑔; 𝑓 ′, 𝑔′), the cross-sections of the cor-
responding CTC and TCC can be depicted by two-
dimensional matrices in Cartesian coordinates (𝑓 ,𝑔)
as shown in Fig. 1. Although all the CTCs themselves
in Eq. (10) are real values, the linear term 𝑇1(𝑓, 𝑔) in
Eq. (8) is purely imaginary. This is due to the fact
that the aberration 𝑊 (𝑓) itself is real but its expo-
nential function term for the phase change is complex
and the linear term in the expansion is imaginary. In
addition, the 𝑇1(𝑓, 𝑔) shown in Fig. 1 is obtained by
a weighted sum of the CTCs in Eq. (9), as the ex-

pression of 𝑇1(𝑓,𝑔) = 𝑖𝑘[𝐶1;0,1(𝑓,𝑔)− 𝐶1;1,0(𝑓,𝑔)]. It
is also interesting to note that pairs of CTCs, such as
𝐶1;0,1(𝑓, 𝑔) and 𝐶1;1,0(𝑓, 𝑔) shown in Fig. 1, are exactly
the same but the coordinates (𝑓, 𝑔) are exchanged with
each other. This is due to the commutation property
as expected from Eq. (15).
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nents 𝐽1;0,1(𝑥, 𝑦) and 𝐽1;1,0(𝑥, 𝑦) are shown in Fig. 2,
based on the input mask shown in Fig. 3. Other simu-
lation settings are the same as in Fig. 1. The simulated
basic intensity components 𝐽1;0,1(𝑥, 𝑦) and 𝐽1;1,0(𝑥, 𝑦)
are both complex values with real and imaginary
parts, and their relationship demonstrates the deriva-
tion of Eq. (16). Therefore, for the purpose of aerial
image calculation, we need to calculate only half of
the CTCs in Eq. (9). Figure 3 depicts the aerial im-
age calculation result, in which the aberration-induced
intensity distributions for different terms are clearly
evaluated and separated from each other. It is also
noted that the linear term 𝐼1(𝑥, 𝑦) and the quadratic
term 𝐼2(𝑥, 𝑦) play a more significant role than the
higher terms such as the cubic term in the description
of aberration-induced intensity distributions, with an

error 𝑒(𝑥, 𝑦) = 𝐼(𝑥, 𝑦) −
2∑︀

𝑛=0
𝐼𝑛(𝑥, 𝑦) on the order of

10−3. Therefore, it is usually enough to only calculate
the linear term 𝐼1(𝑥, 𝑦) and the quadratic term 𝐼2(𝑥, 𝑦)
for the fast evaluation of aberration-induced intensity
distributions, but the cubic or higher terms should be
taken into account if higher accuracy is needed.

The above simulations validate the proposed
method and especially confirm the symmetric proper-
ties between the basic intensity components shown in
Eq. (16). If we exploit some symmetric properties com-
monly found in the real-world lithographic tools,[13]
we can further derive simplified formulations for the
CTC and intensity calculations. If we adopt analyti-
cal forms of commonly used illumination sources such
as annular, dipole and quadrupole, and express the
wavefront aberration in Zernike representation, we can
develop fully analytical algorithms for the CTC and
intensity calculations with quite high efficiency and
accuracy. Furthermore, algorithms based on the opti-
mal coherent approximation (OCA) of TCC and cur-
rently used in the full-chip optical proximity correc-

tion (OPC) and inverse mask design,[14] can also be
adopted and extended for the CTC. Since the indi-
vidual CTCs and the CTC-based intensities can be
summed up as the total TCC and intensity, respec-
tively, they are quite suitable for parallel computa-
tions.

In summary, we propose a CTC-based method
suitable for fast calculation and evaluation of
aberration-induced intensity distribution in partially
coherent imaging systems. By decomposition of the
TCC into CTCs and by exploiting the properties of
CTC, the aberration-induced intensities can be calcu-
lated quickly and separated clearly from each other. It
is expected that this method will have applications in
the robust OPC and inverse mask design with aberra-
tions taking into account. It will also have applications
in aerial image based aberration analysis and metrol-
ogy.
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