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Abstract. In most cases of optical critical dimension metrology, when
applying rigorous coupled-wave analysis to optical modeling, a high
order of Fourier harmonics is usually set up to guarantee the convergence
of the final results. However, the total number of floating point operations
grows dramatically as the truncation order increases. Therefore, it is cri-
tical to choose an appropriate order to obtain high computational efficiency
without losing much accuracy in the meantime. We show that the conver-
gence order associated with the structural and optical parameters is esti-
mated through simulation. The results indicate that the convergence order
is linear with the period of the sample when fixing the other parameters,
both for planar diffraction and conical diffraction. The illuminated wave-
length also affects the convergence of a final result. With further investiga-
tions concentrated on the ratio of illuminated wavelength to period, it is
discovered that the convergence order decreases with the growth of
the ratio, and when the ratio is fixed, convergence order jumps slightly,
especially in a specific range of wavelength. This characteristic could
be applied to estimate the optimum convergence order of given samples
to obtain high computational efficiency. © 2012 Society of Photo-Optical Instrumen-
tation Engineers (SPIE). [DOI: 10.1117/1.OE.51.8.081504]
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1 Introduction
Nowadays, the critical dimension (CD) in integrated circuits
is shrinking to 45 nm and even lower, accompanying with
tremendous challenges of nanometrology.1 The optical
critical dimension (OCD) metrology, also called scatterome-
try,2–4 is one of the well-known optical techniques that has
gained considerable interest in the industrial environment
because it is fast, noncontact, nondestructive, and of low-
cost, compared to other techniques such as scanning electron
microscopy (SEM) and atomic force microscopy (AFM).5,6

The success of OCD metrology relies heavily on accurate
forward modeling of sub-wavelength structures and fast
extraction of structural parameters.3 Starting fromMaxwell’s
equations, either in integrated or differential form, the elec-
tric and magnetic fields can be obtained in the forward
modeling problem, from which the reflectivity or ellipso-
metric parameters can be further calculated.7–10 Then in
the inverse problem, the measured optical parameters are
obtained and utilized to fit the simulation parameters
using some library search methods or nonlinear regression
algorithms.2,11,12 The forward modeling is repeated until
the required accuracy is acquired and the structural param-
eters are measured to provide the best fit. Because this pro-
cess takes time, it is highly desirable to improve the speed of
optical modeling to achieve the greatest efficiency in OCD
metrology.

Currently, the rigorous coupled-wave analysis (RCWA)
method has been widely used in OCD metrology for the
optical modeling of periodic structures.8,13,14 When imple-
menting this technique, the permittivity of the grating region
is first expanded into a series of Fourier harmonics, then
the electromagnetic field is expressed as a Fourier expansion
with a corresponding order of harmonics. Since the estab-
lishment of this technique in early 1980s, the discussion of
its convergence has always been a hot topic, even up to
now.15–19 In 1993, Li and Haggans reported that the slow
convergence was attributed to the use of slowly convergent
Fourier expansion for the permittivity and the electromag-
netic field in the grating region, through simulations of
metallic gratings.15 In 1996, Li revealed the reason why
the inverse rule should be applied in case of complementary
jump discontinuities, which helped achieve a faster conver-
gence rate of RCWA under TM polarization.16 Based on
this explanation, Lalanne introduced a coefficient involving
structural parameters for two-dimensional gratings, and
managed to increase the convergence rate to some extent.17

In 2007, Schuster et al. achieved a better convergence than
the conventional formulations,18 by combining the classic
RCWA with Popov and Neviere’s general equations.19

For the purpose of a fast convergence rate, nearly all
these contributions were striving to improve the modeling
method itself.

Unlike these investigations, the convergence problem can
be taken into account from another point of view. It is a
universal approach to set up a high order of the Fourier
harmonics in order to ensure the final convergence, in0091-3286/2012/$25.00 © 2012 SPIE
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most cases when applying the RCWA technique for optical
modeling. However, the total number of floating point opera-
tions has a cubic relationship with the harmonic order.20,21

This indicates that the technique will become rather time
consuming if the expanded order is too high. Therefore, it
is of great importance to choose an appropriate order to
obtain high computational efficiency while maintaining suf-
ficient accuracy. Supposing that a convergence order is able
to be pre-established in terms of grating geometry and optical
configuration, the consuming time will definitely be cut
down to a large degree.

Concerning the correlation between the convergence
order and model parameters, several general properties of
the RCWA technique have been uncovered by a great
number of simulations. Moharam et al. mentioned that the
gratings with larger periods, deeper grooves, and under
TM polarization or conical diffraction would require more
harmonics to achieve the convergence results,8 but this
claim was not explained in detail. Bischoff also demon-
strated that the classic RCWA showed serious drawbacks
for the modeling of grating profiles with shallow slopes
and multilayer stacks with many layers,22 but again he did
not explain in more detail. In fact, these researches provided
a qualitative analysis of the convergence of the RCWA
technique, rather than quantitative.

In this paper, we aim at discovering the quantitative
relationship between the convergence order and the struc-
tural or optical parameters through numerical simulations,
and providing guidance for the selection of an appropriate
order when applying the RCWA technique. With a brief
introduction of the RCWA theory in Sec. 2, we will present
several simulations performed under different structural or
optical conditions for binary rectangular groove gratings
in Sec. 3. Finally in Sec. 4, the estimations of the conver-
gence order will be made for some samples according to
the observations.

2 Theory for the Rigorous Coupled-Wave Analysis
Without losing the generality of the optical modeling, a bin-
ary rectangular groove grating is selected in our simulation,
and its geometry is depicted in Fig. 1. Any multilayer struc-
tures with arbitrary profiles can be investigated on this

basis.13 A linearly monochromatic light is launched into
the sample at a polar angle θ derived away from the Z
axis, and an azimuthal angle Φ between the plane of inci-
dence and the grating vector along the direction normal to
the walls. The angle ψ from the electric vector to the
plane of incidence is called a polarized angle. Generally,
this problem is named conical diffraction. When Φ
approaches zero, which is called planar diffraction, the E-
vector is normal (ψ ¼ 90 deg) and parallel (ψ ¼ 0 deg)
to the plane of incidence for transverse electric (TE) and
transverse magnetic (TM) polarization, respectively. The
wavelength of the illuminated light in free space is λ0.
The refractive indices of superstrate and substrate are nI
and nII, respectively. The periods Λ are made up of ridges
and grooves, in which the refractive indices are nrd and
ngr, respectively. The materials of the resist and substrate
layers are Si3N4 and silicon, respectively. f is the fraction
of the grating period occupied by the resist, with the
depth d along the Z axis.

For TE polarization, the incident normalized electric field
can be expressed as

Einc;y ¼ exp½−jk0n1ðsin θxþ cos θzÞ�; (1)

where k0 ¼ 2π∕λ0. The Rayleigh expansions of the electric
field of the reflected and transmitted region are

EI;y ¼ Einc;y þ
X
i

Ri exp½−jðkxix − kI;zizÞ�; (2a)

EII;y ¼
X
i

Ti expf−j½kxixþ kII;ziðz − dÞ�g; (2b)

respectively, where kxi can be determined from the Floquet
condition and is given by

kxi ¼ k0½n1 sin θ − iðλ0∕ΛÞ�; (3)

and where km;zi is calculated from the obtained k0 and kxi

km;zi ¼
� þk0½n2m − ðkxi∕k0Þ2�1∕2 k0nm > kxi
−jk0½ðkxi∕k0Þ2 − n2m�1∕2 kxi > k0nm

; m ¼ I; II:

(4)

It is always necessary to have in mind the physical meaning
that the ith wave is propagating when k0nm > kxi, and eva-
nescent when kxi > k0nm. Ri and Ti are the normalized elec-
tric-field amplitudes of the ith reflected and transmitted
wave, respectively.

The magnetic field in the reflected and transmitted region
can be obtained from Maxwell’s equations

H ¼
�

j
ωμ

�
∇ × E; (5)

where μ is the permeability of the region and ω is the angular
optical frequency.

In the grating region (0 < z < d), Eq. (5) can be simplified
in a scalar form as

∂Ey

∂z
¼ jωμ0Hx; (6a)

Fig. 1 Geometry of the binary rectangular groove grating.
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∂Hx

∂z
¼ jω ∈0 εðxÞEy þ

∂Hz

∂x
; (6b)

where ∈0 is the permittivity of free space, and ε is the per-
mittivity of the grating region and can be expanded in a Four-
ier form. The electric field along the Y-axis and magnetic
field along the X-axis may also be expressed with a Fourier
expansion in terms of the space-harmonics field as

Egy ¼
X
i

SyiðzÞ expð−jkxixÞ; (7a)

Hgx ¼ −j
�
∈0

μ0

�
1∕2X

i

UxiðzÞ expð−jkxixÞ; (7b)

where SyiðzÞ and UxiðzÞ are the normalized amplitudes of the
ith space-harmonic fields. Substituting Eq. (7) into Eq. (6),
and eliminating Hz, we are able to obtain the coupled-wave
equations as follows

∂Syi
∂z

¼ k0Uxi; (8a)

∂Uxi

∂z
¼

�
kxi2

k0

�
Syi − k0

X
p

εi−pSi−p; (8b)

or, in a matrix form
�
∂Sy∕∂ðz 0Þ
∂Ux∕∂ðz 0Þ

�
¼

�
0 I
A 0

��
Sy
Ux

�
; (9)

where z 0 ¼ k0z, and A ¼ Kx
2 − E. By eliminating Ux,

Eq. (9) can be reduced to

½∂2Sy∕∂ðz 0Þ2� ¼ ½A�½E�; (10)

then the eigenvalue decomposition is able to be carried out
more efficiently. By diagonalizing A, the solution can be
written as follows

SyiðzÞ ¼
X
m

wi;mfcmþ expð−k0qmzÞ

þ cm− exp½k0qmðz − dÞ�g; (11a)

UxiðzÞ ¼
X
m

vi;mf−cmþ expð−k0qmzÞ

þ cm− exp½k0qmðz − dÞ�g; (11b)

where wi;m is the (i, m)’th element of the eigenvector matrix
W, qm is the m’th element of the positive square root eigen-
value matrix Q, regarding A, and vi;m is the (i, m)’th element
of the eigenvector matrix V, which can be obtained
from V ¼ WQ.

By setting up boundary value conditions of the tangential
electric and magnetic field components, the coupled-wave
equations can be solved. With the normalized electric-
field amplitudes of the reflected wave, reflectivity in each
diffraction order can be calculated.

Formulations of RCWA under TM polarization and con-
ical diffraction could be derived in a similar way. Note that
during the expansion of permittivity in the coupled-wave
equations, the inverse rule should be applied in place of
Laurent’s rule to achieve a faster convergent result, accord-
ing to Li’s point of view.16 Those formulation details are
omitted here.

3 Simulation and Analysis
Before introducing the simulation results, it is important to
point out that all the structural and optical parameters will
affect the convergence to a greater or less degree. We
attempted to achieve repeatability and validity of the proper-
ties handled here, however, conceivable simulations could
hardly be exhausted since the combinations of the para-
meters are extremely numerous. Multiple simulations have
been carried out using different optical and structural para-
meters, especially the ones in common use, with only a small
number of them listed here. Given the generality of the
characteristics we observe, both the planar diffraction (TE
and TM polarization) and conical diffraction have been
taken into account. Consequently, it is considered that the
characteristics listed below may be applicable in many
cases, at least in a specific range.

3.1 Simulation Under Varied Grating Period

By varying the period Λ while fixing other structural param-
eters (including f and d) and optical parameters (including λ,
θ,Φ and ψ), we are able to obtain some meaningful results as
shown in Fig. 2. The convergence order is labeled as an inte-
ger N on the vertical axes. The graph shows that the conver-
gence orders have an approximately linear correlation with
the periods. They are fit by linear functions and clearly
demonstrated that the convergence orders calculated under
different periods are distributed around the linear regression
lines.

Considering the general linearity found above, we per-
formed other simulations under conical diffraction with dif-
ferent structural and optical parameters, such as f , d, and θ,
with results shown in Fig. 3(a), 3(b), and 3(c), respectively. It
is apparent that the convergence orders keep a linear growth
along the horizontal axes on varied f , θ, and d, except that the
deviation under the depth of 2 μm is much more remarkable
than the other data.

We also performed quantitative analysis for varied f , d,
and θ, with the linear correlation coefficients under three
polarization states shown in Fig. 4(a), 4(b), and 4(c), respec-
tively. The vertical axis R stands for the correlation
coefficient calculated with given structural and optical
parameters, within the range between 0 and 1. It is observed
from Fig. 4(a) that the correlation coefficients range from
0.9 to 1, corresponding to the small deviations in Fig. 3(a).
A downward trend is noticed from Fig. 4(b) along the hor-
izontal axis for all the three polarization states, which means
that the linear correlations are no longer typical for deep
grooves, as can be seen in Fig. 3(b). The correlation coeffi-
cients for varied θ are still satisfactory with the range
between 0.8 and 1, even though the deviations along the
regression lines shown in Fig. 3(c) are much larger than
those in Fig. 3(a). In addition, the linear correlations don’t
differ significantly among the three polarization states, with
the correlation coefficients under TM polarization slightly
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higher than the other two states in general. On the whole, the
results indicate that the linearity exists in a variety of struc-
tures and optical configurations, rather than merely limit to a
specific system.

3.2 Simulation Under Varied Illuminated Wavelength

In OCD metrology, such as reflectometry and scatterometry,
illuminated wavelength can be adjusted in most cases. There-
fore, simulations have been carried out by setting up different
illuminated wavelengths, with the results shown in Fig. 5.

The dash lines are for simulation data and the solid lines
for regression. It is noted that the linearity is again nearly
independent of the wavelength, and that the illuminated
wavelength is intimately related to on the convergence
order, when we fix all the structural parameters. With a
fixed structure, the convergence order decreases with the
growth of wavelength. It is also observed that the slopes
of the linear regression lines are dependent on the wave-
lengths to a great extent, while the intercepts have little
correlation with them.

Fig. 3 Convergence orders under conical diffraction for (a) varied duty cycle f , (b) varied depth d , and (c) varied incidence angle θ.

Fig. 4 Correlation coefficients for (a) varied duty cycle f , (b) varied depth d , and (c) varied incidence angle θ under three polarization states
[transverse electric (TE) polarization, transverse magnetic (TM) polarization, and conical diffraction].

Fig. 2 The convergence orders calculated in varied period Λ, while other parameters are fixed in f ¼ 0.5, d ¼ 0.2 μm, λ ¼ 0.5 μm. (a) transverse
electric (TE) polarization (θ ¼ 10 deg), (b) transverse magnetic (TM) polarization (θ ¼ 10 deg), and (c) conical diffraction (θ ¼ 10 deg,
φ ¼ 30 deg, ψ ¼ 45 deg). The reflectivities calculated with the truncation order of 200 are considered as references, and convergence orders
are picked up on an error bound of 0.2%. This indicates that the error corresponding to the reference is no more than 0.2% if any order higher than
the convergence order is selected.
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3.3 Simulation Under Varied Ratio of Illuminated
Wavelength to Grating Period

We carried out further study and focused on the approxi-
mately invariance of the intercepts of different regression
lines. The ratio of the illuminated wavelength to the grating
period is fixed in the following simulation. The ratio is set to
0.03, 0.1, 0.3, 1, and 3 sequentially, with results depicted in
different colors in Fig. 6. It is interesting to note that the
lower the ratio is, the more order it needs to achieve conver-
gence. When the ratio is set at 3, even the permittivity and
electric and magnetic field expanded into 0th order can
achieve a satisfactory result. The convergence order in
each ratio has occupied a limited order range compared to
the whole vertical axis. In different ranges of illuminated
wavelengths, it can be seen that in the range of 0.5 to
0.8 μm, approximately the visible band, the jump of the con-
vergence order under each ratio varies more slightly than that
in the ultraviolet band, which can be observed in TE, TM
polarization and conical diffraction. It is thus possible to esti-
mate the order with given structural and optical parameters.

4 Application in Some Estimations of the
Convergence Order

From the results shown in Sec. 3, especially those phenom-
ena observed in Fig. 6, we can estimate the convergence
order with given structural and optical parameters. Since

the jump in the visible range is slighter than in other ranges,
we are more likely to estimate an accurately convergent
result for a specific structure. The structural and optical para-
meters for estimations are listed in Table 1. The value f is 0.5
in our simulation, and d is fixed at 0.2 μm. Assuming that it
follows the normal distribution, the 95% confidence interval

Fig. 5 The convergence order calculated for three different wavelengths under (a) TE polarization, (b) transverse magnetic (TM) polarization, and
(c) conical diffraction. Other parameters are the same as those listed in Fig. 2. The dash and solid lines represent the simulated and the linear
regression results respectively.

Fig. 6 Simulations under different ratios of λ to Λ under (a) transverse electric (TE) polarization, (b) transverse magnetic (TM) polarization, and
(c) conical diffraction. Other parameters are the same as those listed in Fig. 2. It should be noticed that the grating period is modulation by the fixed
ratio, even though the horizontal axis is depicted as the illuminated wavelength.

Table 1 Simulation parameters for estimations.

Serial number λ ðμmÞ Λ ðμmÞ
Ratio of λ

to Λ Polarization state

1 0.5 16.7 0.03 TE polarization

2 0.6 6 0.1 TM polarization

3 0.7 2.33 0.3 TE polarization

4 0.8 0.8 1 TM polarization

5 0.5 16.7 0.03 Conical diffraction

6 0.6 6 0.1 Conical diffraction

7 0.7 2.33 0.3 Conical diffraction

8 0.8 0.8 1 Conical diffraction
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is calculated through the data in the wavelength range of 0.5
to 0.8 μm. With this confidence interval, an order above the
interval has been selected to calculate the reflectivity.

Table 2 shows the results of the estimations. It is noted
that the selected order is much less than the reference
order ð200Þ, especially when the ratio is high. Meanwhile,
most of the achieved accuracy is satisfactory, except the
first sample exceeds the expected error bound of 0.2%.
These results thus demonstrate that the estimations carried
out here are effective in most cases.

5 Conclusions
In this paper, several sets of simulations have been carried
out to find out some relationship between the convergence
order and the structural or optical parameters for binary rec-
tangular groove gratings. It is observed that the structural
dimension and the illuminated wavelength have a combined
effect on the convergence order, and the ratio between them
could weaken this effect. It is also noticed that in a certain
range of wavelength, the jump of convergence order is rela-
tively slight. These observations may provide some guide-
lines for the estimation of convergence order for a
specific sample, and most of the estimations have shown
satisfactory accuracy compared to the reference.
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Table 2 Results of estimations.

Serial
number μ σ

Confidence
interval

Selected
order

Error
(%)

1 43.7 2.0 [42.9, 44.4] 45 0.33

2 14.5 1.8 [13.9, 15.2] 16 0.01

3 5.9 0.9 [5.5, 6.2] 7 0.18

4 3.3 0.8 [3.0, 3.6] 4 0.17

5 43.1 2.3 [42.2, 44.0] 45 0.07

6 15.1 1.0 [14.7, 15.5] 16 0.09

7 6.3 1.2 [5.9, 6.8] 7 0.07

8 3.7 0.5 [3.5, 3.9] 4 0.14
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