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Based on the analysis of a typical configuration of piezoresistive sensors, the intensity and uniformity of
stress in piezoresistive elements are identified as the parameters that affect the performance of a sensor.
To enhance the performance, a shape and topology optimization problem is formulated to ensure the
stress is high and uniform in a local region where the piezoresistive elements are placed. The optimiza-
tion problem is solved via the level set based method. To compute stress accurately, artificial weak mate-
rial conventionally used to mimic void is avoided in the finite element analysis. Numerical examples in
two dimensions are investigated.
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1. Introduction

The sensing principle of piezoresistive sensors is the well-
known piezoresistive effect, i.e., the resistivity changes when a
material is subject to stress. A flexible structure in such sensors
transmits an external stimulus, for instance acceleration and pres-
sure, to the stress in piezoresistive elements. According to such
sensing principle, the stress in the local region where the piezore-
sistive elements are placed has considerable effects on the perfor-
mance of the sensor. For example, in order to enhance the
sensitivity, the stress in such a local region should be as high as
possible, so long as it does not exceed an admissible level.

In order to enhance the performance of piezoresistive sensors,
insight gained from engineering experiences has been exploited
to tailor the stress in the local region where piezoresistive ele-
ments are placed. Bashir et al. [1] introduced stress concentration
regions (SCRs) in a cantilever to amplify the stress in piezoresistors
and achieved 2� and 5� improvement in displacement and force
sensitivity. Ozkan et al. [2,3] incorporated SCRs into a cantilever
to increase surface stress, which enhances the detection sensitivity.
Yang and Yin [4] incorporated a stripe pattern into a cantilever to
enhance the surface stress sensitivity. Mohammed et al. [5] incor-
porated SCRs into a strain sensor, by which the sensitivity is in-
creased and the cross sensitivity is reduced. Wang et al. [6]
incorporated slit features into a cantilever type accelerometer to
enhance the sensitivity.
ll rights reserved.
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The success of the above-mentioned studies demonstrated the
effectiveness of using structure features to locally amplify strain
or stress and to enhance the performance of sensors. However,
there lacks a systematic and automatic method for tailoring the
stress in a specified local region to enhance the performance of a
piezoresistive sensor. In order to deal with this issue, a shape
and topology optimization based approach is investigated in the
present study.

In the present study, based on the analysis of a typical configu-
ration of piezoresistive sensors, the intensity and uniformity of
stress in piezoresistors are identified as the parameters need to
be tailored. Thereafter, an optimization problem is formulated to
tailor the stress in a specified local region. The level set based
method [7–11] is employed to solve the shape and topology opti-
mization problem. The benefit of using the level set based method
to solve a shape and topology optimization problem that concerns
stress was discussed in [12,13].

Topology optimization has been applied to design piezoresistive
sensors [14–16] and other types of sensor [17,18]. Pedersen [14]
optimized the cantilever structure of a bio-probe to maximize
the sensitivity. Rubio et al. [15] studied the optimal design of a
flexible structure to which the piezoresistive elements are bonded,
and the change of resistivity is maximized. Takezawa et al. [16]
developed a method for designing single- and multi-axis load cell
structures. The present paper extends the studies of piezoresistive
sensors by considering a more specific and typical configuration of
the sensors.

Shape and topology optimization that takes a stress-based
objective function or constraints has also been extensively studied
during the past decades. Various functions of stress, for instance
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the maximum von Mises stress and stress leveling, were proposed
[19–22]. Also, various stress-based functions were considered in
topology optimization [12,13,23–35], and the optimization prob-
lems were solved by many different topology optimization meth-
ods. However, the objective of most of these studies is to reduce
the stress, which is different from the aim of the present study,
i.e., to tailor the stress in a specified local region so that the perfor-
mance of a piezoresistive sensor can be enhanced.

The paper is organized as follows. In Section 2 a typical config-
uration of piezoresistive sensors is analyzed. In Section 3 formula-
tion of the shape and topology optimization problem is described.
In Section 4 sensitivity analysis for the optimization problem is de-
scribed. In Section 5 the level set method is briefly described. Sec-
tion 6 describes the finite element analysis. Section 7 gives
numerical examples and discussions. Section 8 concludes this
paper.
2. A typical configuration of piezoresistive sensors

Many materials possess the piezoresistive effect, and silicon
considered in the present study is an important one of them. For
a piezoresistor with area AR, the normalized change of resistance
is given by [1,5]

DR
R

����
unit load

¼ 1
AR

Z AR

0
ðplrl þ ptrtÞ dx ð1Þ

where pl is the longitudinal piezoresistive coefficient (for the stress
in the direction of electrical current), pt is the transverse piezoresis-
tive coefficient (for the stress perpendicular to the direction of elec-
trical current), rl is the longitudinal stress, rt is the transverse
stress, and AR is the area of the piezoresistor. The subscript ‘‘unit
load’’ in Eq. (1) is omitted in the following.

The values of the longitudinal and transverse piezoresistive
coefficients, i.e., pl and pt, depend on the orientation of a piezore-
sistor in the crystallographic axes of a silicon substrate [36], and
they are computed by rotating the piezoresistive coefficient tensor
obtained along the standard h100i directions. Assuming the plane
stress state, one can find out that when the longitudinal direction
of a piezoresistor is oriented along the h110i directions of a (100)
silicon wafer, DR/R is the highest [37]. In this configuration, the
pl and pt are given by [38,39]

pl ¼ ðp11 þ p12 þ p44Þ=2 ð2Þ
pt ¼ ðp11 þ p12 � p44Þ=2 ð3Þ

An example of p11 = 6.6, p12 = �1.1, p44 = 138.1 (unit 10�11 Pa�1) of
p-type silicon can be found in [39]. In addition, a high doping con-
centration is commonly used to reduce thermal drift, and an exam-
ple of p11 = 0.975, p12 = �0.165, p44 = 21.215 (unit 10�11 Pa�1) of
highly doped p-type silicon can be found in [5].

The change of resistance of piezoresistors is commonly trans-
duced to a voltage read-out by a Wheatstone bridge. The four resis-
tors of the Wheatstone bridge have the same nominal resistance,
by which the temperature effect can be reduced. A typical config-
uration of the Wheatstone bridge is illustrated in Fig. 1 where R1
Vout

Vin

R3

R1

R4R2
[110]

[010]

[110]x

y

Fig. 1. Wheatstone bridge and crystallographic axes of a (100) silicon wafer.
and R3 are aligned to the x axis, and R2 and R4 are aligned to the
y axis. In addition, the x and y axes are respectively aligned to
the [110] and ½�110� direction of the silicon substrate. In such a con-
figuration, all the piezoresistors are subject to stresses (rl of R1 and
R3 is rxx; rt of them is ryy. rl of R2 and R4 is ryy; rt of them is rxx).

The normalized change of resistance of R1 and R3 is given by

DRi

Ri
¼ 1

2AR

Z AR

0
½ðp11 þ p12Þðrxx þ ryyÞ þ p44ðrxx � ryyÞ� dx;

i ¼ 1;3 ð4Þ

Because the ½�110� direction is equivalent to the [110] direction, pl

and pt of R2 and R4 are equal to those of R1 and R3, and the normal-
ized change of resistance of R2 and R4 is given by

DRi

Ri
¼ 1

2AR

Z AR

0
½ðp11 þ p12Þðrxx þ ryyÞ � p44ðrxx � ryyÞ� dx;

i ¼ 2;4 ð5Þ

Since p11 and p12 are very small as compared to p44, the term p44-

(rxx � ryy) has a dominant role in Eqs. (4) and (5), and the term
(p11 + p12)(rxx + ryy) can be neglected.

The rl and rt are usually treated as constants when a piezoresis-
tor is very small, and then one arrives at simplified relations as

DRi

Ri
¼ 1

2
½ðp11 þ p12Þðrxx þ ryyÞ þ p44ðrxx � ryyÞ�; i ¼ 1;3 ð6Þ

DRi

Ri
¼ 1

2
½ðp11 þ p12Þðrxx þ ryyÞ � p44ðrxx � ryyÞ�; i ¼ 2;4 ð7Þ

In fact, the underlying assumption of the simplification is that when
a piezoresistor is very small the stresses in it can be regarded as uni-
form. This assumption simplifies the mathematical model of the
sensitivity and calibration of the sensor. However, in the present
study, such an assumption cannot be taken into the optimization.
The reason is explained as follows. An optimization needs an initial
design to start with, and the stresses may not be uniform in the
piezoresistor in the initial design. Therefore, the optimization prob-
lem should be formulated to drive the stresses to be uniform. In
other words, if the uniformity of stresses is not explicitly considered
in the optimization, the resulting stresses will probably not be uni-
form. Nevertheless, one can use the simplified relations after the
optimization if the stresses in the piezoresistor are verified to be
uniform.

When the stresses are uniform and the term (p11 + p12)(rxx + -
ryy) in Eqs. (4) and (5) is neglected, the ratio between the output
and input voltage is given by

Vout

Vin
¼ 1

4
DR1

R1
� DR2

R2
þ DR3

R3
� DR4

R4

� �
¼ p44

2
ðrxx � ryyÞ ð8Þ

As can be seen in Eq. (8), the sensitivity and resolution of the sensor
depend on the absolute value of stress differential rxx � ryy. There-
fore, the absolute value of stress differential rxx � ryy should be
maximized to enhance the sensitivity and resolution. In addition,
considering the safety of the sensor structure, the maximum stress
should be below an admissible level.

3. Optimization problem

Let X � Rd ðd ¼ 2 or 3Þ denotes the region occupied by the
piezoresistive sensor. The Lipschitz continuous boundary of X con-
sists of three disjoint parts

@X ¼ CD [ CN [ CH ð9Þ

where a Dirichlet boundary condition is imposed on CD, a Neumann
boundary condition on CN, and a homogeneous Neumann boundary
condition, i.e., traction free, on CH. Suppose that the piezoresistive
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elements are placed in a local region X1(X1 �X) that is fixed dur-
ing the optimization. Therefore, CHn@X1 is the boundary that is free
to move during the course of optimization, and we denote it CO, i.e.,

CO ¼ CH n @X1 ð10Þ

The weak form of the linear elasticity system is given by

aðu;vÞ ¼ ‘ðvÞ; 8v 2 U ð11Þ

where U = {v 2 H1(X)djv = 0 on CD} is the space of kinematically
admissible displacement fields, and a(u,v) and ‘(v) are defined as

aðu; vÞ ¼
Z

X
AeðuÞ � eðvÞdx

‘ðvÞ ¼
Z

X
f vdxþ

Z
CN

gvds
ð12Þ

where A describes the Hooke’s law; e(u) is the strain tensor; r(u) =
Ae(u) is the stress tensor; f is the body force; t is the boundary trac-
tion force.

As mentioned in Section 2, according to the safety requirement,
at each point in a structure the stress should be below an admissi-
ble level. This requirement is described by an inequality given as

rvðxÞ 6 ra; 8x 2 X ð13Þ

where ra is the admissible stress of the material; rv is the von Mises
stress, and in the plane stress state it is given by

rv ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2

xx þ r2
yy � rxxryy þ 3r2

xy

q
ð14Þ

According to the analysis in Section 2, an optimization problem
is formulated to enhance the performance of a piezoresistive sen-
sor. In fact, there are many possible formulations of the optimiza-
tion problem, and a simple one is given by

min J ¼
R

X2
r2

vð1þ aHðrv � �r2ÞÞdxþ b
R

X dx

s:t: aðu;vÞ ¼ ‘ðu;vÞ; 8v 2 U

g1 ¼
R

X1
ðrv � �r1Þ2dx ¼ 0

g2 ¼
R

X1
ðrxx � �r1Þ2dx ¼ 0

g3 ¼
R

X1
r2

yydx ¼ 0

ð15Þ

where �ri > 0 ði ¼ 1;2Þ are parameters specified before optimiza-
tion, and they should be smaller than the admissible stress of the
material, i.e, 0 < �ri < ra.

The first term in the objective function J defines a global mea-
sure of stress, and it was proposed and discussed in our previous
study [13]. Note that the integration is defined for region X2 and
that it does not involve with the stress in X2 ¼ X nX1. The func-
tion H is the Heaviside function, and in practical numerical imple-
mentation it is approximated by continuous functions [13].
According to the Heaviside function, �r2 in the objective function
J can be regarded as a threshold of von Mises stress above which
the stress is penalized, and the parameter a controls the weight
of penalization. This penalization is very important for controlling
peak stress [13]. The second term b

R
X dx is introduced into the

objective function to minimize the volume of a structure, and b
is a weight parameter specified before optimization.

The constraint g1 = 0 in the optimization problem is used to en-
sure rv at each point in the local region X1 is smaller than the admis-
sible stress ra (note 0 < �r1 < ra), hence ensuring the safety. The
constraint g2 = 0 is used to drive rxx to �r1 and ensure the unifor-
mity of rxx in X1. The constraint g3 = 0 is used to drive ryy to zero
and ensure the uniformity. More importantly, according to Eq. (14),
when rv ¼ �r1 and ryy = 0, the maximal value of rxx that can be
achieved is �r1, therefore the constraint g2 also ensure rxx is maxi-
mized, which in turn maximizes the stress differential rxx � ryy.
Therefore, the three constraints fulfill the requirements for
enhancing the performance of piezoresistive sensors.

The constraint g2 can also be defined as

g2 ¼
Z

X1

ðrxx þ �r1Þ2dx ¼ 0 ð16Þ

It drives rxx to ��r1. Such a formulation can also enhance the sensi-
tivity, because the sign of the stress only determines the direction of
rxx but does not affect the absolute value of rxx � ryy when ryy = 0.

Finally, it is also equivalent to maximize ryy and drive rx to
zero, and an equivalent optimization problem can be defined by
rewriting g2 and g3 in Eq. (15) as

g2 ¼
Z

X1

ðryy � �r1Þ2dx ¼ 0 ð17Þ

g3 ¼
Z

X1

r2
xxdx ¼ 0 ð18Þ
4. Sensitivity analysis

In this section we describe the sensitivity analysis for the opti-
mization problem. The material derivative [40,41] and the adjoint
method are employed. The Lagrangian is

L ¼ J þ aðu;wÞ � ‘ðwÞ þ k1g1 þ k2g2 þ k3g3 ð19Þ

where w 2 U is a Lagrange multiplier for the equation of linear elas-
ticity system Eq. (11), and ki P 0 (i = 1,2,3) are the Lagrange multi-
pliers for the constraints gi = 0. In the present study, fixed Lagrange
multipliers are used.

The material derivative of the Lagrangian is given by

L0 ¼ J0 þ a0ðu;wÞ � ‘0ðwÞ þ k1g01 þ k2g02 þ k3g03 ð20Þ

where the material derivatives J0 is given by [13]

J0 ¼
Z

X2

2rvr0v 1þ aHðrv � �r2Þð Þdxþ
Z

X2

ar2
vdðrv

� �r2Þr0vdxþ
Z
@X2

r2
v 1þ aHðrv � �r2Þð ÞVndsþ

Z
@X

bVnds ð21Þ

where

r0v ¼
@rv

@rij
rijðu0Þ ¼

1
2rv
½2rxx � ryy;2ryy � rxx;6rxy�rðu0Þ ð22Þ

The derivative a0(u,w) and ‘0(w) are given by

a0ðu;wÞ¼
Z

X
Aeðu0Þ �eðwÞdxþ

Z
X

AeðuÞ �eðw0Þdxþ
Z
@X

AeðuÞ �eðwÞVnds ð23Þ

‘0ðwÞ¼
Z

X
fw0dxþ

Z
@X

fwVndsþ
Z

CN

tw0dsþ
Z

CN

ðrðtwÞT nþjtwÞVnds ð24Þ

The derivative g01; g
0
2, and g03 are given by

g01 ¼
Z

X1

2ðrv � �r1Þr0vdx ð25Þ

g02 ¼
Z

X1

2ðrxx � �r1Þr0xxdx ð26Þ

g02 ¼
Z

X1

2ryyr0yydx ð27Þ

where

r0xx ¼ ½1;0;0�rðu0Þ ð28Þ
r0yy ¼ ½0;1;0�rðu0Þ ð29Þ

Note that there are no Vn terms in g01; g
0
2, and g03 because the local

region X2 is fixed and its boundary is not subject to optimization.
Substitute Eqs. (21)–(27) into Eq. (20), we obtain the material

derivative of the Lagrangian. Collecting all the terms that contain
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w0 in L0 and letting the sum of these terms be zero, we recover the
weak form of the state equation, that isZ

X
AeðuÞ � eðw0Þdx ¼

Z
X

fw0dxþ
Z

CN

tw0ds; 8w0 2 U

Collecting all the terms that contain u0, and letting the sum of
these terms be zero, we obtain the adjoint equation, that isZ

X
Aeðu0Þ � eðwÞdx ¼ �

Z
X2

2rv 1þ aHðrv � �r2Þð Þr0vdx

�
Z

X2

ar2
vdðrv � �r2Þr0vdx� k1

Z
X1

2ðrv � �r1Þr0vdx� k2

Z
X1

2ðrxx

� �r1Þr0xxdx� k3

Z
X1

2ryyr0yydx; 8u0 2 U ð30Þ

Collecting all the terms that contain Vn, assuming there exists
no body force, i.e., f = 0, and noticing that only CO subjects to opti-
mization, we obtain the shape derivative of the Lagrangian

L0 ¼
Z

CO

GVnds;

G ¼ r2
vð1þ aHðrv � �r2ÞÞ þ bþ AeðuÞ � eðwÞ ð31Þ

where G is called the shape gradient density. According to Eq. (31),
we can readily obtain the steepest descent direction by setting

VnðxÞ ¼ �GðxÞ; 8x 2 CO ð32Þ

It can be seen that such Vn will yield L0 ¼ �
R

CO
G2 ds 6 0 which im-

plies the descent of the Lagrangian.
Finally, a conjugate mapping [42,43] of the velocity Vn is used to

speed up the convergence of the optimization as in [13]. To apply
the mapping, Vn is first normalized by the maximum value of jVnj,
then a mapping given in the following is applied.

FðxÞ ¼ x expð1� jxjÞ ð33Þ
p p
local 

region

Fig. 2. Design problem. The center square is the local region X1 to place
piezoresistors.
5. The level set method

In the level set method, the boundary of a shape X is repre-
sented implicitly through a level set function U(x) as its zero level
set, i.e., fx 2 RdjUðxÞ ¼ 0g (d = 2 or 3), and U(x) can be used to de-
fine the inside and outside regions with respect to the boundary as
follows

UðxÞ ¼ 0() 8x 2 @ X \ D

UðxÞ < 0() 8x 2 X

UðxÞ > 0() 8x 2 ðD nXÞ

where D is a fixed domain in which all admissible shapes X are in-
cluded, i.e. X � D. Propagation of the free boundary of a structure
during the course of optimization is described by the Hamilton–
Jacobi equation:

@U
@t
þ Vn ¼ 0 ð34Þ

The properties of the Hamilton–Jacobi equation that are relevant to
topology optimization was discussed in the papers [10,11,13,44].

It should be noted that in the level set based method the design
velocity Vn defined on the boundary CO must be extended to the
entire reference domain D or a narrow band around CO [45,46].
In the present work, a PDE based method for velocity extension
[47] is used. A structured grid and the finite difference method
(the first order upwind spatial differencing and forward Euler time
differencing) is used to solve the Hamilton–Jacobi equation. Final-
ly, a reinitialization procedure is periodically performed. More de-
tails of the numerical computations of level set can be found in
[45,46].
6. Finite element analysis

In the present work, we do the finite element analysis by mod-
ifying a fixed background mesh and do not use the artificial weak
material, as proposed in our previous study [13]. Before the optimi-
zation, we set up a background triangle mesh for the reference do-
main D. In each iteration of the optimization, modification of the
fixed background mesh is performed to obtain a mesh that is con-
formal to the geometry of the structure. The detail of the modifica-
tion is referred to [13].

Using the above-mentioned FEA method in topology optimiza-
tion, floating regions in the reference domain may arise during
the optimization. One needs to be careful with such floating re-
gions when solving the adjoint equation Eq. (30), because the
von Mises stress in such regions is zero and leads to zero denom-
inator in Eq. (22). Such floating regions are not considered when
solving the adjoint equation.
7. Numerical examples

Several examples of optimal design of piezoresistive sensors are
performed in this section. In these examples, it is assumed that the
solid material is the single-crystal silicon, and that the x and y axes
are aligned respectively to the [110] and ½�110� direction of a stan-
dard (100) silicon wafer, as illustrated in Fig. 1. In addition, the
plane stress state is assumed, and the thickness of silicon wafer
is 0.5 mm. Linear triangle finite element is used for all the exam-
ples. The elasticity values [48] and the D matrix in FEA are given as

Ex ¼ Ey ¼ 169 GPa; Gxy ¼ 50:9 GPa; mxy ¼ 0:064;

D ¼

Ex= 1� m2
xy

� �
mxyEy= 1� m2

xy

� �
0

mxyEy= 1� m2
xy

� �
Ey= 1� m2

xy

� �
0

0 0 Gxy

2
6664

3
7775
7.1. Example 1

The optimal design problem of the first example is shown in
Fig. 2. It is a strain gauge whose left and right edges are to be bonded
to a strained surface and the remaining region is suspended by the
two edges. The geometric properties are: L = 10 mm, S = 1.5 mm.
The loading is p = 1000 N/m. The small square depicted by dash line
at the center of the design domain is the local region X1 where the
piezoresistive elements are placed. Due to symmetry, the left–bot-
tom quarter of the structure is analyzed in the FEA. There are 8590
linear triangle elements in the background mesh for the quarter.
The parameters in the optimization are: �r1 ¼ 10 MPa;
�r2 ¼ 20 MPa; a ¼ 20; b ¼ 5� 1018; k1 ¼ k2 ¼ k3 ¼ 1� 104, and D

in the Heaviside function [13] is D = 2 MPa. The local region X1 is



Fig. 3. The initial design and the optimal designs.

Fig. 4. Map of stresses of the initial design (unit MPa).

Fig. 5. Map of stresses when rxx is used for sensing (unit MPa).

Fig. 6. Map of stresses when ryy is used for sensing (unit MPa).
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prevented from optimization by setting the design velocity to zero
for points in it. The traction boundary is prevented from optimiza-
tion by setting the design velocity to zero for points that are not
more than 0.25 mm away from the left boundary of the quarter.
The initial design and the map of stresses are shown in Figs. 3(a)
and 4, respectively.
First, a structure that uses rxx for sensing is optimized. The for-
mulation of the optimization problem is given by Eq. (15). The
optimal design and the map of stresses are shown in Figs. 3(b)
and 5, respectively. As can be seen in Fig. 5, the local region in
the optimal design is mainly subject to a tensile stress in the x
direction, and the rv, rxx, and ryy in the local region are uniform.



Fig. 7. Convergence history.

local 

region

Fig. 8. Design problem. The center square is the local region X1 to place
piezoresistors.

Table 1
Numerical results of Example 1.

Design of
sensor

S J g1 g2 g3

Fig. 3(b) 9.82 � 106 4.09 � 1013 1.92 � 104 0.72 � 104 5.04 � 104

Fig. 3(c) 9.88 � 106 5.44 � 1013 7.01 � 104 7.94 � 104 1.04 � 104

Note: g2 and g3 are defined differently in the optimization of Fig. 3(b) and (c).
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Second, a structure that uses ryy for sensing is optimized. The
optimization problem is defined by changing the constraints g2

and g3 in Eq. (15) to g2 ¼
R

X1
ðryy þ �r1Þ2dx ¼ 0 and

g3 ¼
R

X1
r2

xxdx ¼ 0. The optimal design and the map of stresses
are shown in Figs. 3(c) and 6, respectively. As can be seen in
Fig. 6, the local region in the optimal design is mainly subject to
a compressive stress in the y direction, and the rv, rxx, and ryy in
the local region are uniform.

The convergence history of optimization of the structure that
uses rxx for sensing is shown in Fig. 7(a), and the convergence his-
tory of optimization of the structure that uses ryy for sensing is
Fig. 9. The initial design an
shown in Fig. 7(b). As can be seen in the two figures, the conver-
gence is smooth.

Finally, the average absolute value of the stress differential in
the local region X1, given by

S ¼
Z

X1

jrxx � ryyjdx
�Z

X1

dx ð35Þ

is computed to characterize the sensitivity of the optimal designs of
the piezoresistive sensor, and they are listed in Table 1. In addition,
some numerical results of the optimization are also listed in Table 1.

7.2. Example 2

The optimal design problem of the second example is shown in
Fig. 8. It is a displacement sensor in a silicon micro-stage that is
essential for an feedback control. The geometric properties are:
L = 20 mm, H = 10 mm, S = 2 mm. The loading is t = 10 N. The small
square depicted by dash line at the center of the design domain is
the local region X1 where the piezoresistive elements are placed.
Due to symmetry, the left half of the structure is analyzed in
FEA. There are 8590 linear triangle elements in the background
mesh for the half. The parameters in the optimization are:
�r1 ¼ 10 MPa; �r2 ¼ 20 MPa; a ¼ 20; b ¼ 4� 1019; k1 ¼ k2 ¼ k3 ¼ 1
�104, and D in the Heaviside function [13] is D = 2 MPa. The local
region X1 is prevented from optimization by setting the design
velocity to zero for points in it. The initial design and the map of
stresses are shown in Fig. 9(a) and Fig. 10, respectively. Note that
the high stresses in the vicinity around the point where the con-
centrated load is applied are not considered in the global measure
of stress and is not plotted.

A structure that uses rxx for sensing is optimized. The formula-
tion of the optimization problem is given by Eq. (15). The optimal
design and the map of stresses are shown in Figs. 9(b) and 11,
respectively. As can be seen in Fig. 11, the local region in the opti-
mal design is mainly subject to a tensile stress in the x direction,
and the rv, rxx, and ryy in the local region are uniform. The conver-
gence history is shown in Fig. 12. Finally, the average absolute va-
lue of the stress differential S is computed for the optimal design
d the optimal design.



Fig. 11. Map of stresses when rxx is used for sensing (unit MPa).

Fig. 10. Map of stresses of the initial design (unit MPa).

Fig. 12. Convergence history.

Table 2
Numerical results of Example 2.

Design of
sensor

S J g1 g2 g3

Fig. 9(b) 1.04 � 107 9.50 � 1014 8.17 � 105 7.61 � 105 1.51 � 105
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and listed in Table 2. In addition, some numerical results of the
optimization are also listed in Table 2.

As shown by the results, the optimization method proposed in the
present study is effective to tailor the stresses in a local region. A lim-
itation of the present method is that the value of �r1, i.e., the maximal
stress in the local region, is specified before the optimization but not
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automatically changed by the optimization. If �r1 is set too big, the
design given by the optimization may become useless. If �r1 is set
too small, the stress may not be pushed to the extreme, and the po-
tential of performance enhancement of the sensor may not be fully
exploited. Such limitation will be considered in the future study.

8. Conclusion

In this paper, we presented a shape and topology optimization
approach for tailoring stress in a specified local region to enhance
performance of piezoresistive sensors. Based on the analysis of a
typical configuration of piezoresistive sensors, the intensity and
uniformity of stress in piezoresistive elements are identified as
the parameters that affects the performance of a sensor, and then
a shape and topology optimization problem is formulated to en-
sure the stress is high and uniform in the local region where the
piezoresistive elements are placed. The level set method is em-
ployed to solve the optimization problem. The shape sensitivity
analysis is performed via the material derivative method. The finite
element analysis is accomplished by modifying a fixed background
mesh. Application of the method is demonstrated by several
numerical examples of 2D structures. As we can see, the stresses
in the specified local region can be effectively tailored.
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